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Particle-based simulations of discontinuous shear thickening (DST) and shear jamming (SJ) suspensions
are used to study the role of stress-activated constraints, with an emphasis on resistance to gearlike rolling.
Rolling friction decreases the volume fraction required for DSTand SJ, in quantitative agreement with real-
life suspensions with adhesive surface chemistries and “rough” particle shapes. It sets a distinct structure of
the frictional force network compared to only sliding friction, and from a dynamical perspective leads to an
increase in the velocity correlation length, in part responsible for the increased viscosity. The physics of
rolling friction is thus a key element in achieving a comprehensive understanding of strongly shear-
thickening materials.
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Introduction.—The flow properties of dense suspensions
of non-Brownian particles are critical in numerous natural
and industrial processes [1–6]. Under shear, such suspen-
sions can display extreme non-Newtonian phenomena
[1,3,7] that originate from the interplay of interfacial forces
[2,8] as well as frictional contact forces [9,10]. In particular,
strong shear thickening, a phenomenon of both fundamental
interest and practical importance [1–3], represents a cross-
over from unconstrained to constrained tangential pairwise
particle motions as the imposed shear stress σ increases and a
repulsive force threshold (F0, defined below) is exceeded
[11–14]. Such stress-activated constraints can originate from
Coulombic, static friction [9–16], or from a combined effect
of hydrodynamics and asperities [17]. Static friction enhan-
ces correlated motion and stabilizes load-bearing force
networks against buckling, thereby leading to a reduced
jamming volume fraction ϕμ

JðσÞ [18] and ultimately an
increased viscosity set by η≡ σ=_γ ∼ ½1 − ϕ=ϕμ

JðσÞ�−2, with
_γ the shear rate. Indeed, the prevailing theoretical description
of shear thickening is a two-state model by Wyart and Cates
(WC) [19] that interpolates linearly between frictionless and
frictional η divergences as σ is increased using, as a scalar
order parameter, the fraction of contacts that are frictional. At
volume fractions close to ϕμ

J, η can jump by orders of
magnitude (discontinuous shear thickening (DST) [1,3,11])
upon minuscule changes in _γ; at ϕ > ϕμ

J, the suspension can
even form a solidlike, shear jammed state [14,20–23].
An important fundamental question is how the nature

of force transmission changes in the presence of stress-
activated particle friction and, specifically, whether direct
contacts constrain both sliding and rolling pairwise motion.

The consequences of constraining particle motion by
sliding (coefficient μs) and rolling (coefficient μr) friction
for the rheology and microscopic dynamics during DST
and shear jamming (SJ) remain largely unexplored, despite
recent works that attest to its importance [24,25].
In this Letter, we address this issue directly and dem-

onstrate the role of constraints numerically by marrying
the physics of both rolling and sliding friction from
dry granular materials with a well-established simulation
approach for shear-thickening suspensions [11,12].
Sketched in Fig. 1(a) are schematics of pairwise contacts
illustrating hard-sphere (i), sliding (ii), and rolling (iii) con-
straints. When particles experience a hard-sphere constraint
only, but no friction, η diverges when Z, the number of
nonrattler contacts per particle [21], equals its so-called

isostatic value Zfμs¼0;μr¼0g
iso ¼ 6. This occurs at a specific

ϕfμs¼0;μr¼0g
J [18,26], which in our 3D simulation for a

bidisperse suspension is ≈0.65. The constraints offered
by friction at contact confer enhanced mechanical stability
so that η can diverge for Z < 6 and ϕJ < 0.65. For instance,

large μs leads to Zf∞;0g
iso ¼ 4 at ϕf∞;0g

J ≈ 0.57 [27].
Incorporating both rolling and sliding friction further

lowers the limiting number of contacts to Zf∞;∞g
iso ¼ DðDþ

1Þ=ð2D − 1Þ ¼ 2.4 (in 3D) [24,28], so that ϕf∞;∞g
J ≈ 0.36

[see Figs. 1(b) and 1(c)]. This simple argument already
demonstrates that the viscosity is highly sensitive to the
nature of tangential constraints.
Most natural and industrially relevant suspensions,

including cornstarch and water mixtures, an archetypical
shear-thickening suspension, comprise faceted particles
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with asperities (and, in some cases, adhesive interactions
originating from surface chemistry) [30–33]. Such features
lead to interlocking between particle surfaces introducing
new physics not describable by sliding friction alone,
suggesting that resistance to rolling is important.
Moreover, in the dry granular literature it has been shown
that a direct consequence of angular particle shape is
hindered particle rotation, and that the rheology can be
reproduced by incorporating rolling friction along with
sliding friction [34,35]. Meanwhile, in dry tribology
adhesive forces between particles are known to resist
rolling due to flattening of the contact point [36,37].
Recent suspension studies have demonstrated that short-
ranged particle-particle interactions such as hydrogen
bonding may similarly not only increase sliding friction
but also introduce a small amount of weak, reversible
adhesion [33,38]. The latter can lead to stress-activated
rolling friction. Crucially, such suspensions exhibit DST at
ϕ ⪅ 0.45 [30–32,39,40], whereas simulations that include
only sliding friction consistently report the lower bound for
DST as ϕ ≈ 0.56 [14,16]. This dramatic discrepancy
impedes quantitative prediction of experimental behavior
despite recent advances in the field [1].
The physics of stress-activated rolling friction is thus an

attractive candidate to account for the longstanding dis-
parity between experiments and simulations: it is micro-
mechanically well motivated as it captures the effect of

facets, asperities, and surface chemistry; it can, on the
grounds of constraint counting, account for the low-ϕ SJ
observed experimentally; and it is consistent with the WC
model [14,19,41,42].
Method.—We simulate a bidisperse suspension, an equal

volume fraction mixture of 2000 inertialess spheres of radii
a and 1.4a, suspended in a density-matched Newtonian
fluid of viscosity η0. Under imposed shear stress σxy
(referred to as σ below and described in Ref. [21]) the
suspension flows with time-dependent shear rate _γðtÞ in a
3D Lees–Edwards periodic domain. After omitting the
start-up flow transient [which typically lasts Oð1Þ strain
units] we report relative viscosity ηr ≡ σ=η0h_γi, where
angle brackets imply time average over the steady state.
The particles are subject to Stokes drag and interact through
short-range pairwise hydrodynamic lubrication interactions
FH (see Ref. [12]), repulsive forces FR, and contact
interactions FC. The repulsive force acts normally and
decays with interparticle surface separation h over a Debye
length λ as jFRj ¼ F0 expð−h=λÞ (we use λ ¼ 0.01a). This
gives rise to a stress scale σ0 ≡ F0=6πa2, related by an
Oð1Þ prefactor (which may very weakly depend on λ) to the
crossover from lubricated, frictionless contacts between
particles to direct, frictional ones. The contact interaction is
modeled using linear springs [12], incorporating both
sliding and rolling friction using the algorithm described
by Luding [43]. Contacts obey Coulomb’s friction law for
both sliding and rolling modes: jFC;tj ≤ μsjFC;nj and
jFC;rj ≤ μrjFC;nj. Rolling friction introduces a resistance
to motion that is not a force but a torque. Thus, the rolling
friction force jFC;rj, which is proportional to the relative
rolling displacement, is a quasiforce that does not contrib-
ute to the force balance and is calculated only to compute
the rolling torque. Hindered rolling motion leads to con-
tacting particles that, under compression, must rotate as a
solid body as though glued to each other. Under tension,
meanwhile, contacts simply break. Further details are
available in the Supplemental Materials [44–46].
Overview of bulk rheology results.—Shown in Fig. 2(a)

is the relative viscosity ηr as a function of scaled shear
stress σ=σ0 for three combinations of friction coefficients
fμs; μrg at ϕ ¼ 0.45. Setting μr ¼ 0 at this ϕ leads to
continuous shear thickening (CST) regardless of the value
of μs, whereas μr > 0 leads to DST as evidenced by ηr ∝
σ=σ0 (dashed line). Because frictional contacts are stress-
activated (as also assumed by the WCmodel), at σ=σ0 ≪ 1,
ηr resides on the f0; 0g branch of Fig. 2(b) (squares and
line). Increasing σ=σ0 at fixed ϕ, ηr transitions to a
frictional branch as direct contacts appear. The extent of

shear thickening is set simply by the position of ϕf0;0g
J

relative to ϕfμs;μrg
J : the more constraints are added, the

lower ϕJ becomes and the more severe shear thickening is.
Thus incorporating rolling friction recovers the surprisingly
low SJ volume fraction ϕ ¼ 0.45 (for these parameters)
observed experimentally in the case of suspensions with

0.2 0.3 0.4 0.5 0.6

(a) (b)

(c)

FIG. 1. Jamming and constraints. (a) Different types of con-
straint: (i) hard sphere, fμs; μrg ¼ f0; 0g; (ii) infinite sliding
friction, f∞; 0g; (iii) infinite sliding and rolling frictions,
f∞;∞g; (b), (c) Simulation data for constraints (i) (black dia-
monds); (ii) (blue circles); and (iii) (red squares). (b) Relative
viscosity ηr ≡ η=η0 vs volume fraction ϕ. Solid lines are fits to

ηr ¼ ð1−ϕ=ϕfμs;μrg
J Þ−2, where ϕf0;0g

J ¼ 0.6477, ϕf∞;0g
J ¼ 0.5702,

and ϕf∞;∞g
J ¼ 0.3648. (c) Contact number Z (only nonrattler

particles) vs volume fraction ϕ. Horizontal dashed lines indicate

the isostatic conditions Ziso; vertical dashed lines are ϕfμs;μrg
J

used in (b).
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rough particles [30–32]. Recent theory [24] suggests a
generalization of the WC model to reflect more selective
force transmission due to rolling friction, causing a wider
range of stress over which thickening occurs. This is
consistent with our findings and also the experimental
observations of Hsu et al. [32]. Figure 2(c) shows the ratio
N1=σ (with N1 ≡ σxx − σyy) of the first normal stress
difference, indicating the reorientation angle of the eigen-
vectors of the stress, for fμs; μrg ¼ f1; 0g (squares) and
f1; 0.5g (stars) at ϕ ¼ 0.45. Simulations without rolling
friction exhibit a small, negative N1=σ for the entire range
of σ [12], while simulations with rolling friction exhibit a
sign change to positive values; they are even larger than the
reported result near jamming without rolling friction [47].
Our results indicate that the contact network can behave
more elasticlike due to more stable contacts with rolling
friction. This is consistent with recent experiments on
tunable rough particles [31,32] that showed a similar
transition in N1 upon increasing particle roughness.
In Fig. 2(d), we present a comprehensive map of ϕfμs;μrg

J ,
generated by simulating the limit σ=σ0 → ∞ (by setting
F0 ¼ 0) for a broad range of μs, μr, and ϕ, and extracting

ϕJ by fitting the viscosity to ηr ¼ ð1 − ϕ=ϕfμs;μrg
J Þ−2.

For every value of μs, we observe that ϕJ decreases with
increasing μr. For the lowest μs ¼ 0.2 simulated here the

effect of rolling friction on ϕJ is rather modest. With
increasing μs the dependence of ϕJ on μr becomes stronger
and we observe saturation at μr ≥ 1. Especially interesting
is the μs range between 0.5 and 1, where ϕJ decreases
rapidly as small amounts of rolling friction come into play.
For the case of μs → ∞, the change in μr from 10−3 to 10
decreases ϕJ from 0.57 to 0.36. Our results suggest that
for suspensions with small sliding friction coefficient
(μs ≤ 0.2) ϕJ is almost independent of μr. Meanwhile
for particles with higher sliding friction, μs ≥ 0.35, rolling
constraints can drastically affect the rheological behavior.
Comparison with experiments.—Given that the shape of

normalized rheological flow curves as in Fig. 2(a) is
controlled by ϕJ as the only free parameter, any fμs; μrg
pair residing on a constant-ϕJ contour of appropriate
magnitude could fit the experimental data equally well.
Still, there are considerations regarding the magnitude of
μs. To reproduce DST seen in experiments with nominally
smooth spheres, previous simulations [11,12,14,16] that
only constrained sliding required μs ≈ 1. This is a concern
[1,48], since direct measurements typically report μs ⪅ 0.5
[9,33,48]. However, from Fig. 2(d) we find that an equally
good fit should be obtainable by reducing μs to 0.5 and
adding some rolling friction, around 1=10 of μs. We
demonstrate this in Fig. 3(a) for silica spheres with data
from Royer et al. [49], which are reproduced very well
using the pair fμs; μrg ¼ f0.5; 0.07g, at large stresses
possibly even better than by f1; 0g [50]. While small, this
rolling resistance is important to capture the physics of
frictional particle-particle interactions: f0.5; 0g underpre-
dicts the viscosity significantly.
We next consider experiments by James et al. [33], in

which hydrogen bonding between surface-functionalized
poly(methyl-methacrylate)/itaconic acid (PMMA/ITA)
spheres in an aqueous solvent was shown to increase the
effective interparticle friction [Fig. 3(b); we scaled the
two curves such that the onset stress for shear thickening
is the same and coincides with the simulation data, i.e.,

(a)

(c) (d)

(b)

FIG. 2. Rheology with rolling friction. (a) Relative viscosity ηr
as a function of shear stress σ=σ0 at ϕ ¼ 0.45. Weak shear
thickening is observed in simulations with sliding friction only
(fμs; μrg ¼ f1; 0g and f∞; 0g), whereas those with rolling
friction (fμs; μrg ¼ f1; 0.5g) display DST (ηr ∝ σ=σ0, dashed
line) at the same ϕ. (b) ηr divergence with ϕ for fμs; μrg pairs in
(a). (c) The ratio N1=σ of the first normal stress difference to the
shear stress as a function of σ=σ0 at ϕ ¼ 0.45. N1=σ with siding
friction only (fμs; μrg ¼ f1; 0g) remains small and negative,
while with rolling friction (fμs; μrg ¼ f1; 0.5g) it turns positive.
(d) ϕJ dependence on sliding μs and rolling μr friction coef-
ficients. The dashed line is the dependence of ϕJ on μs with
μr ¼ 0. Solid lines indicate the dependence of ϕJ on μr for
several values of μs.

(a) (b)

49

33

FIG. 3. Comparison with experiments. (a) Experimental data
from Ref. [49] (line) for ϕ ¼ 0.58 and simulation data for ϕ ¼
0.56 (symbols) for various combinations of μs and μr. To scale
the experimental results we use F0 ¼ 1.5 nN. (b) Experimental
data from Ref. [33] (lines) for ϕ ¼ 0.54 and simulation data for
ϕ ¼ 0.56 (symbols). To scale the experimental results we use
F0 ¼ 1 nN and F0 ¼ 0.3 nN for 6 M and 0 M, respectively.
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σ=σ0 ¼ 0.3]. When hydrogen bonding is suppressed by
adding 6 M urea, the PMMA particles behave similar to
other smooth spheres at comparable ϕ. Consequently, the
same f0.5; 0.07g pair as in Fig. 3(a) reproduces the data
very well (as would have f1; 0g). Without urea, hydrogen
bonding is operative and introduces a measurable “sticki-
ness” [38] to the contact force. Figure 3(b) shows that this
additional adhesion can be modeled well by increasing the
rolling resistance from μr ¼ 0.07 to μr ¼ 0.25.
For particles with very rough surfaces that can geomet-

rically interlock, a large μs ≈ 1 may be appropriate. In
experiments with such particles, Hsu et al. found that ϕJ
dropped as low as 0.44 [32]. Figure 2(d) indicates that
sliding friction by itself cannot produce such small ϕJ,
implying additional rolling constraints. Indeed, by dialing
up both μs and μr to values near 1 we can closely mimic the
reduction in ϕJ seen by Hsu et al. [32].
Microstructural behavior.—We finally address themicro-

scopic underpinnings for the differences in the measured
viscosity with and without rolling friction, focussing on the
force network formed by frictional contacts and the corre-
lation of the fluctuating nonaffine velocity.
Figures 4(a) and 4(b) compare the stress transmission

patterns with μr ¼ 0 and μr ¼ 0.5 at ϕ ¼ 0.45. The line
segments indicate frictional contacts. Note that all contact
force network structures are transient, continuously flow-
ing, breaking and re-forming under the bulk shearing

motion. The force networks shown in Fig. 4 are for
σ=σ0 ¼ 500, for which ηr differs by almost 2 orders of
magnitude, see Fig. 2(a). The frictional forces appear as
roughly linear structures (force chains) along the compres-
sion axis, i.e., along y ¼ −x [12,51]. Comparing Figs. 4(a)
and 4(b), force transmission in the presence of rolling
friction is much more spatially localized and directed
than with only sliding friction. Indeed in the former case
the force chains are thicker and darker, carrying larger force
compared to the latter. In the case without rolling friction,
the force chains easily buckle and rearrange under shear.
However, by constraining the rolling mode buckling is
suppressed, so chains can more robustly prevail under
applied stress. Hence, the particles exhibit less relative
movement with respect to their neighbors and show
enhanced correlation.
The velocity correlation quantifies this collective motion,

as used previously for dry granular particles [52]. Here we
define it similar to [16]

cðrÞ≡
P

i

P
j>i v̄i · v̄jδðjrijj − rÞ

P
i

P
j>i δðjrijj − rÞ ; ð1Þ

where v̄i and v̄j are the fluctuating velocity vectors that are
averaged over a time interval corresponding to approx-
imately a single particle displacement due to mean flow.
Figure 4(c) displays cðrÞ for σ=σ0 ¼ 500, demonstrating
the enhancement of the velocity correlations in the case
with rolling friction compared to that without rolling
friction. We find that cðrÞ decays approximately exponen-
tially with the distance r between particle centers. The
correlation length ξ that can be extracted from fits of data as
in Fig. 4(c) to cðrÞ ¼ α expð−r=ξÞ as a function of stress σ
is displayed in Fig. 4(d). We find that the correlation length
increases with stress, implying more collective motions, but
that sliding friction alone shows only a very mild increase.
On the other hand, simulations with additional rolling
friction show a significant increase in the correlation
length. The implied difference observed in the rheology
due to the enhanced collective motion of particles can also
be observed directly in videos based on the simulations
(see Ref. [44]).
Conclusions.—We have studied the rheology of dense

suspensions interacting through short-range lubrication and
contact interactions with stress-activated sliding and rolling
friction. The latter generates a constraint on relative particle
movement that allows us to reproduce experimental fea-
tures including ϕJ < 0.5. Inhibited rolling means that
particles must move or gyrate together as a temporal
(but not permanent) cluster, confirmed by the enhanced
velocity correlation, which is in part responsible for the
increased viscosity. When only sliding motion is con-
strained, the load-bearing force chains need orthogonal
support to avoid buckling [53]. By contrast, constraining
both rolling and sliding motions leads to a more anisotropic

(a) (b)

(c) (d)

FIG. 4. Microstructural consequences of increased rolling
friction. (a), (b) Force network snapshots in the steady state
for ϕ ¼ 0.45 at σ=σ0 ¼ 500 for fμs; μrg ¼ f1; 0g (a) and
f1; 0.5g (b). The width and darkness of the line segments
represent the contact force magnitude. (c) Nonaffine velocity
correlation function cðrÞ plotted against r=a for fμs; μrg ¼
f1; 0.5g and f1; 0g at σ=σ0 ¼ 500. Lines correspond to
cðrÞ ¼ α expð−r=ξÞ. (d) Velocity correlation length ξ=2a with
and without rolling friction, as a function of σ=σ0 for ϕ ¼ 0.45.
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force chain structure that can sustain external loads
unaided, leading to a lower jamming point. The rolling
friction in this work is intended to capture any particle-scale
effects that hinder rolling, whether they originate from
physical surface properties such as shape and roughness
[31,32] or surface chemistry [33]; more sophisticated
models will be required to make quantitative predictions
for more complex particle shapes [54,55].
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