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Abstract

The rheology of dense suspensions lacks a universal description due to the involvement of a wide variety of parameters, ranging from the
physical properties of the solid particles to the nature of the external deformation or applied stress. While the former controls microscopic
interactions, spatial variations in the latter induce heterogeneity in the flow, making it difficult to find suitable constitutive laws to describe
the rheology in a unified way. For homogeneous driving with a spatially uniform strain rate, the rheology of non-Brownian dense suspensions
is well described by the conventional u(J) rheology. However, this rheology fails in the inhomogeneous case due to nonlocal effects, where
the flow in one region is influenced by the flow in another. Here, motivated by observations from simulation data, we introduce a new dimen-
sionless number, the suspension temperature ©;, which contains information on local particle velocity fluctuations. We find that u(J, ©;) pro-
vides a unified description for both homogeneous and inhomogeneous flows. By employing scaling theory, we identify a set of constitutive
laws for dense suspensions of frictional spherical particles and frictionless rod-shaped particles. Combining these scaling relations with the
momentum balance equation for our model system, we predict the spatial variation of the relevant dimensionless numbers, the volume fraction
¢, the viscous number J, the macroscopic friction coefficient 4, and ©; solely from the nature of the imposed external driving. © 2025
Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivs 4.0 International (CC BY-NC-ND) license (https:/creativecommons.org/licenses/by-nc-nd/4.0/).
https://doi.org/10.1122/8.0000935

I. INTRODUCTION ratio of shear stress oy, to normal stress P known as effective
or macroscopic friction coefficient u = crx_\,/P [6]. Here, 1,
and y are suspending the fluid viscosity and strain rate, %
respectively. The interdependence of these dimensionless s
numbers forms the constitutive laws for the homogeneous &
rheology of dense suspensions. However, the validity org
structure of such constitutive laws might alter depending &
on the various properties of the constituent particles.
Nevertheless, in real systems, the nature of the rheology is
often inhomogeneous due to the spatial variation of the strain
rate, so the aforementioned dimensionless numbers are not
sufficient [11]. Under homogeneous straining, J decreases
with decreasing ¢ and increasing ¢ and, eventually, vanishes
when u and ¢ approach their limiting value x; and homoge-
neous shear jamming volume fraction ¢7 , respectively. This
physically signifies the cessation of the flow, however, in the
case of inhomogeneous flow, one can observe ¢ > d)f and
# < u; even for finite J due to shear-induced particle migra-
tion [18-28] and nonlocal effects [12,18,29-31].

Nonlocal phenomena in the rheology of various soft mate-
rials are studied extensively and pictured as a process where
flow in regions with u > u; facilitates flow in regions with
u < pu; via diffusion of local fluidity of the system [32].
Such diffusion of local fluidity can be described by an inho-
mogeneous Helmholtz-like equation, which suggests a coop-
erative motion controlled by an inherent length scale [33,34].
In the context of dry granular systems, in [35], granular fluid-
ity is macroscopically defined as g = y/u. Later, in [36],
YAuthor to whom correspondence should be addressed; electronic mail: Zh.an.g and Kamrin esfab.hShed the mlcroscoplc defmmog of

bhowmikbhanuprasad592@gmail.com fluidity, denoted as g, in terms of fluctuations of particle
PElectronic mail: chris.ness @ed.ac.uk velocity, du. g is uniquely determined by the local ¢ and can
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Dense suspensions consist of Brownian or non-Brownian
solid particles suspended in viscous fluids in roughly equal
proportions. Such materials, for example, cornstarch in water,
slurries, blood, etc., have widespread applications in both
daily life and industry, and their flow is observed in many
natural phenomena. Therefore, understanding their rheology
is pivotal [1-4]. However, the rheology of these materials is
extremely complex and lacks a universal description due to
its dependence on various parameters such as the size,
asphericity, and surface roughness of the solid particles, the
nature of the suspending fluid, as well as the complexity
involved in the external driving. Various constitutive models
have been introduced based on defining appropriate dimen-
sionless numbers, but their validity is often limited to spe-
cific scenarios [5-10]. Therefore, identifying suitable
quantities to establish constitutive laws to describe the rheol-
ogy of different types of dense suspensions under various
driving conditions has been a topic of intense research
[6,11-17].

Under the homogeneous scenario, where the strain rate is
spatially uniform, the rheology of dense suspensions is well
described by three dimensionless quantities: the solid volume
fraction ¢; the ratio of the viscous time scale 77/P to shear
time scale 1/ known as viscous number J = ny/P; and the
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be expressed as g = ga/du = F(¢), where a is the particle
diameter. Such fluidity is found to be independent of ¢ at
low volume fraction [37,38] but decreases with ¢ at suffi-
ciently large volume fraction, vanishing as ¢ approaches
random close packing, ¢rcp [39], irrespective of whether the
flow is homogeneous or inhomogeneous. Moreover, in [14],
a new dimensionless number, granular temperature
© = pdu?/DP, is introduced. Using power-law scaling, it is
demonstrated that u, properly scaled by ©, unifies homoge-
neous and inhomogeneous rheology with the inertial number
I being the scaling variable, thus replacing the conventional
u(l) rheology by a u(l, ®) rheology for inhomogeneous
flows in dry granular systems. Here, [ is the counterpart of J
for dry granular systems and D is the spatial dimension.

Similarly, motivated by the concept of © in [14], a recent
study [13] defined a new dimensionless quantity, the suspen-
sion temperature ©; = ndu/aP. Higher values of ©; stand
for higher mobility of the particles, thus enabling a higher
degree of softness of the system from the rheological point of
view. Additionally, the suspension temperature measures the
competition between convective flow, driven by external
forcing, and diffusive flow driven by collisions with other
particles. When particle trajectories are governed mostly by
collisions, their trajectories will deviate more from the affine
flow, so their suspension temperature will be large. Using
this novel quantity along with the other dimensionless quan-
tities ¢, J, and u, a set of constitutive laws is identified that
unifies the homogeneous and inhomogeneous rheology of
dense suspensions of frictionless spherical particles.
However, such an approach remains unexplored for frictional
and aspherical particles. Interestingly, the constitutive laws
for homogeneous rheology differ for frictional and aspherical
particles compared to frictionless spherical particles. For fric-
tional particles, as the particle friction coefficient u,
increases, the sliding between particle pairs becomes increas-
ingly restricted, imposing constraints on both rotational and
translational degrees of freedom. This, in turn, leads to a
reduction in ¢! [40]. With asphericity, the effect on ¢ is
nonmonotonic. Specifically, for rod-shaped particles, d)?
decreases when the aspect ratio (AR = length/diameter)
exceeds an intermediate value of approximately 1.5. This
decrease is due to increased entanglement, or a higher
number of contacts per particle, which results in inefficient
random packing. However, when the aspect ratio is below
this threshold, qbf increases because the reduced entangle-
ment allows for more efficient packing [41-45]. Therefore,
the validity of ©, for systems of frictional and aspherical par-
ticles remains unclear and requires further investigation.

In this work, using particle-based simulations, we unify
the homogeneous and inhomogeneous rheology of dense sus-
pensions of frictional spherical particles and frictionless rod-
shaped particles [46-50]. In combination with the suspension
temperature defined in [13] for frictionless spherical parti-
cles, along with other dimensionless numbers used to
describe the homogeneous rheology, we identify new scaling
relations that collapse the data of the homogeneous and inho-
mogeneous rheology. We find that some of the scaling rela-
tions identified here retain the same mathematical form but
exhibit different exponent values across systems involving

frictionless and frictional spherical particles, as well as fric-
tionless rod-shaped particles. However, other scaling rela-
tions apply only to specific systems, highlighting intrinsic
differences in their rheology. We further validate these
scaling relations by demonstrating their ability to predict
various dimensionless numbers in previously unexamined
simulation results.

Il. SIMULATION DETAILS

We simulate two systems, consisting of non-Brownian
frictional spherical particles and frictionless rod-shaped parti-
cles using LAMMPS [51,52]. For the former, the system is
bidisperse, with particle radii a and 1.4a mixed in equal
numbers to prevent crystallization. For the latter, the rod-
shaped particles are created by attaching multiple spheres
with appropriate overlap to achieve the desired aspect ratio.
Rods constructed in this way are considered rigid bodies,
where the forces acting on each sphere within the rod are col-
lectively summed, resulting in a translational force acting on
the center of mass, along with a torque relative to the center
of mass. The coordinate of the center of mass and different
angles (Euler angles) are updated following rigid body
dynamics [53] using these forces and torques. Once the new
center of mass and its orientation with respect to the origin
are known, the constituent spherical bead coordinates are
updated. To prepare the initial state, we start with N particles
at a very small volume fraction. The orientations of these par- 8
ticles are randomized by running Brownian dynamics, and &
thereafter, the system is compressed to achieve the requiredg
volume fraction. In both cases, solid particles are suspendedg
in a density p matched viscous liquid. The simulations are &
performed in a periodic box with dimensions Ly, Ly, and L,
[see Fig. 1(a)]. To vary the solid volume fraction ¢, the
number of particles is adjusted while keeping the box size
constant. In the case of rod-shaped particles, the volume frac-
tion is computed by calculating the volume of each rod-
shaped particle. This volume is given by the total volume of
the spherical beads, provided there is no overlap between the
particles. If the particles overlap, the overlapping volume is
subtracted from the total volume to avoid double counting.
To deform the system externally, a space-dependent stream-
ing velocity U”(y) is introduced. As a result, a solid particle
experiences three different types of interactions with its sur-
roundings. First, the drag force and torque on a particle, due
to its relative motion with respect to the streaming fluid, are
modeled as

I = 6ana;(U™(y) — uy), (1)
7 = 8xna’ (Q* () — @;). 2

Here, u; and @; are the linear and angular velocities of the
ith particle, and Q% = (1/2)(V x U®). Second, the presence
of viscous fluid resists the relative motion of a pair of parti-
cles, modeled here as a hydrodynamic lubrication force
[54,55]. The leading-order term of this force and torque
between a pair of particles labeled as i and j with different
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FIG. 1. Inhomogeneous flow of a dense suspension of frictional spherical particles. Shown here are (a) a typical configuration of the system for ¢ = 0.60,
with the highlighted region highlighting a coarse-graining box; and the steady-state profiles in y of (b) the streaming velocity field U*(y) in the X direction
(solid line) and x component of the coarse-grained velocity field of the particles u (solid points); (c) the expected shear rate for a Newtonian fluid 3> =
QU /By (solid line) and the measured shear rate 7 = du,/dy (solid points); (d) the measured velocity fluctuations du; (e) the pressure P and the normal stresses

oii; (f) the shear stress ¢, computed from the particle interactions.

diameters is given below [56,57]:

L(wij-nijny; i b ;< 1073d,
Z}, ~ hL,J uij-nijn;; if 10734 < hi; < 0.05d, (3
0 if h; ; > 0.05d,
In(G) (wij x mig)  if by j < 107,
#~ (h—) (wij x mj) it 103 < hy; < 0.05d, (@)

0 if h; ;> 0.05d".

Here @' is the radius of the smaller particle, h° = 1073d/,
uij = (u;j—u;) is the relative velocity, and h;; = (a; + a;)
—|rj| is the shortest distance between surface of two parti-
cles, where a; and a; are the radius of two different types of
particles. r;; is distance between the centers of the two parti-
cles pointing from ith to jth particles. n;; is a unit vector
given by n;; =r;;/|ri;|. The reason for making the lubrica-
tion force independent of the distance at small 4;; is to allow
particles to come into direct contact. For clarity we have
omitted the scalar prefactors in our expression of Eq. (4), but
these are included in the model and are identical to those
reported earlier [57]. Third, the contact force and torque
between a pair of particles is modeled in the following way:

W =0 if b ;> 0,
< = a; (n,-J X kl‘gi,j) lf hi,j < 0, (6)
W 0 if h[’j > 0.

Here, k, and &, are normal and tangential stiffnesses, chosen
as 7 x 10° to allow for a sufficiently large time step to simu-
late the system over an extended period while ensuring that
particle overlaps remain minimal. §;; is the accumulated tan-
gential displacement between particles, computed from the
time they come into contact until the contact is broken. This

displacement accounts for the history dependence of the fric-
tional force [58]. According to Coulomb’s criterion, the
maximum allowable tangential force for frictional particles is
given by k&, ; < u,k,h;;. We simulate four different systems
of frictional spherical particles with u, = 0.1,0.2,0.3, and
0.4 and three different systems of frictionless rod-shaped par-
ticles with AR = 1.5, 2.0, and 3.0. We obtain homogeneous ,,
rheology data for fixed-volume systems over a suitable range%
of volume fraction by generating simple shear viag
U*(y) = yyx, with y the direction of the velocity gradient‘f
and x the unit vector along x. To keep our system in the rate- §
independent regime, we choose our parameters such that =
pya*/n < 1 and y\/pa’/k < 1 [6]. To obtain inhomoge-
neous flow we specify a spatially dependent liquid velocity
as U”(y) = ksin(2my/Ly)x [see Fig. 1(b) and the gradient
7% in Fig. 1(c)]. x is a constant with dimension of velocity,
chosen to keep pya®/n below 0.01 throughout to be in the
overdamped regime. Such a flow field, used in many previ-
ous studies [12,59] to obtain inhomogeneous flow, can be
roughly considered two oppositely moving Poiseuille flows
under periodic boundary conditions. We note that inhomoge-
neous rheology leads to a spatially varying volume fraction;
therefore, in this work, ¢ denotes the local volume fraction,
while ¢ represents the mean volume fraction averaged across
the entire system. We run simulations with systems contain-
ing O(10%) particles, and with ¢ = 0.48 to 0.62 for frictional
spherical particle system and 0.49 to 0.65 for frictionless rod-
shaped particle system. The stress tensor is computed on a
per-particle basis as X; = Zj (F :/ ®r;j), counting both
contact and hydrodynamic forces. To understand the differ-
ence between homogeneous and inhomogeneous rheology in
our simulation setup, we need to compare the spatially
variant values of J, u, ¢, and ©; obtained via inhomoge-
neous flow with the spatially uniform ones obtained via
homogeneous flow. In order to do that we compute the varia-
tion in y of the stress and velocity fields under inhomoge-
neous flow, which we do by binning particle data in blocks
of width a and volume V;, = L.aL,, with the per-block value
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of a quantity being simply the mean of the per-particle quan-
tities of the particles with centers lying therein. We compute
the velocity fluctuation of each particle as Su; = |u; — ;]
where u is the average velocity of all particles with centers
lying in a narrow window +A (taking A = O(0.1a)) of y,
and we then bin du; per block. To compute ©; we consider
only y and z components of u; to avoid any possible corre-
lated fluctuation originating from the structure in the shear
direction (i.e., X), especially in the case of aspherical parti-
cles. The data presented here averaged over approximately
5000 configurations in the steady state. Since we are using a
bidispersed system, segregation may occur. However, the rate
of segregation is orders of magnitude slower than any other
process in the system. As a result, the steady-state profiles of
velocity, stress, and volume fraction are reached long before
any measurable segregation takes place.

lll. RESULTS

In Figs. 1(b)-1(f), steady-state profiles in y of the
coarse-grained particle velocity u, (flow direction), strain
rate 7 = Ou,/dy, velocity fluctuations Ju, pressure
P (= (—1/3)Tr(X)) and the normal stresses, and the shear
stress o, are shown for frictional spherical particles with
¢ = 0.60 and U, = 0.1, with each plotted point representing
a block. The particle velocity profile and applied streaming
velocity follow a similar trend, as expected, but the former is
flattened at the regions of largest ¢ leading to significant
deviations between 7 and 7* (=0U;°/dy). The pressure
becomes spatially uniform in the steady state, and the normal
stresses exhibit weak anisotropy at the regions where y > u;.
The shear stress follows a similar spatial variation to the
shear rate.

In Fig. 2, the spatial variation of the dimensionless
numbers in the steady state is presented for two different ¢,
close to and far from d)}f . In Fig. 2(a), the viscous number J
is presented. Since the pressure is uniform in the steady state,
J looks similar to ¥ shown in Fig. 1(e). Although we start
our simulation from a uniform volume fraction, with strain-
ing, particles move toward the region with smaller strain rate
due to normal stress o,, imbalance and accumulate there

[21,22,60]. In the steady state ¢ attains a maximum at J = 0
and decreases as J increases. u# and ©, have a similar varia-
tion of oy, and éu, respectively.

The spatial variation of J7/dy, as shown in Fig. 1(e),
highlights the inhomogeneous nature of the flow in our
setup, as for homogeneous flow, 9y/0y =0 throughout.
Given that the velocity profile U® follows a sinusoidal
pattern [as shown in Fig. 1(b)], regions with larger J have
smaller 0y /0y, suggesting that the data from these regions
might align with homogeneous (simple shear) flow data.
However, regions where both J and dy /0y are small are less
likely to correspond to homogeneous data. These regions
exhibit reduced inhomogeneity, as the entire region moves
together (creeping motion), as evidenced by the flatness of
the velocity profile in Fig. 1(b). The ¢ and u here go above
and below their homogeneous limit, d)? and u;, respectively,
and the local flow is primarily controlled by ©,, as we will
see later. Moreover, in [13], the inhomogeneity in the flow is
quantified for a setup similar to the one studied here by dem-
onstrating a growing length scale associated with the cooper-
ative diffusion of fluidity. This underpins the true
inhomogeneous nature of the flow in our setup.

A. Rheology of frictional spherical particles

Before we go into the details of identifying scaling rela-
tions, we present the dependence of the dimensionless
numbers for both homogeneous and inhomogeneous flow in
Fig. 3. In Fig. 3(a), the dependence of the macroscopic fric- =
tion coefficient 4 on the viscous number J is shown. The
black data points represent homogeneous flow, and the black%
solid line is the best fit using a simple power law form

1€:90'¢

1=y () +Alw,)J”. (7

Similar to [40], in our study, we find u; exhibits strong
dependence on y,, as shown in Fig. 3(b). The inset, however,
the exponent o seems to be independent of u, within the
studied range. The other data points are for inhomogeneous
flow for different mean volume fractions, ¢. One can clearly
see that at large J, where the flow is comparatively

100 : :
8 yall © @ 7
80 > "/'l /./A"/“
»’/*7 1 - 1 i |
K.\‘\\o\\‘\ \.\*\0\
< 90 See, ‘\‘&_ i ]
= 7 ¢
e A f
’*"'/./. ,o‘*“/. °
o
20§, ] N ] | |
k‘ ‘.‘\.\Q .\‘\'\’. !
e, =
000z ool 0014 0098  -0.0002 000002
J B, d7/0y

FIG. 2. The spatial variation of the dimensionless number and the inhomogeneous nature of the flow in the steady state for ¢ = 0.60 (solid line) and ¢ = 0.55
(dashed line). Shown are (a) the viscous number J = 57 /P, (b) the local volume fraction ¢, (¢) the macroscopic friction coefficient 4 = oy,/P, (d) the suspen-
sion temperature ©; = néu/aP, and (e) the spatial variation of 9y /dy, where higher values of 9y /0y indicates a higher degree of inhomogeneity.
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FIG. 3. Relations between the dimensionless control parameters for a system of frictional spherical particles with L, = L; = 20a, L, = 100a, and y, = 0.2.
Shown are the relationships between the dimensionless viscous number J and (a) the macroscopic friction coefficient u; (b) the local volume fraction ¢; and
(c) the suspension temperature ©;, for a range of mean volume fractions ¢ in both homogeneous and inhomogeneous flows. In (d), the relationship between ¢
and Oy is shown. The Inset of (b) shows the dependence of ¢7 and g, on u,. The black solid lines in (a)-(d) represent the best fits to the homogeneous data

based on Egs. (7)—(10), respectively. The inset in (d) shows the first normal stress difference (N} = oy —

(N = oy, — o) as a function of J for ¢ = 0.60.

homogeneous, inhomogeneous data points are superposing
on the homogeneous data points. However, at comparatively
small J, the effect of inhomogeneity becomes prominent
manifesting as the deviation of homogeneous and inhomoge-
neous data. Moreover, for inhomogeneous flow, u goes
below u; due to the nonlocal effect.

In Fig. 3(b), the dependence of local volume fraction ¢ on
J is shown. The black points for homogeneous flow are
fitted with the homogeneous constitutive law [6]

b= ¢ w,) — Buy)J”, 8)
where (;')7 is the u, dependent homogeneous shear jamming
volume fraction, which is the same as ¢rcp for vanishing u,
but decreases with increasing u, [see Fig. 3(b), inset and
[40]]. Similar to the u — J plot here also inhomogeneous data
fall on homogeneous data for larger J but deviate at smaller
J. Also, for all inhomogeneous data, the local volume frac-
tion can be more than d)7 for finite J, suggesting that, unlike
homogeneous u(J) rheology, the flow is not solely controlled
by u and J.

The dependence of ©; on J is shown in Fig. 3(c). For
both homogeneous and inhomogeneous flow, ©; decreases
monotonically with J but at a smaller rate for inhomoge-
neous flow. For a fixed J inhomogeneous ©; is larger than
the homogeneous O, suggesting a possible significant role
of © in inhomogeneous flow. For homogeneous flow, ©;
and J are related by the following power law:

0, = Glu,)J". ©
This power law dependence is also reported in [28]. In
Fig. 3(d), the relation between ¢ and ©O; is shown. The
homogeneous data are fitted with a power law

¢ = ¢} (4,) = D(t,) 5. (10)

Similar to other quantities, at smaller J, inhomogeneous data
deviate from homogeneous data. Interestingly, for

oy,) and second normal stress difference

> QS? (1), ©; remains nonzero indicating the role of ©; in
flow in the regions with high ¢. For a fixed ¢, inhomoge-
neous flow has higher velocity fluctuations. For homoge-
neous rheology, we do not observe any significant stress
differences but for inhomogeneous rheology, we observe
spatial variation of the normal stresses as shown in Fig. 1.
In the inset of Fig. 3(d), the first normal stress difference
Ny =o0n—0, and second normal stress difference
N, = oy, — o, are shown as functions of J.

Our first scaling relation, shown in Figs. 4(a) and 4(e), is
the divergence of the relative viscosity of the suspension

(n, = u/J) at the jamming volume fraction, ¢,, given by
u/d = Fi(¢), 11
with
Fia(d) =mo(u,) (¢ (1,) — ¢)" (12)

Here, v =~ 2. For homogeneous rheology ¢; = (157 mono-
tonically decreases from quCp with increasing u, [40]. For
inhomogeneous flow, ¢; = (bj independent of u, and is
found to be close to ¢rcp. However, this power law diver-
gence of viscosity for inhomogeneous flow is only valid for
¢ < ¢7 (u,), although the viscosity diverges at ¢gcp. 1 is a
My dependent coefficient with different values for homoge-
neous (n}) and inhomogeneous (n’) rheology. We find
(i /nf) ~ 2 and 3 for 4, = 0.1 and 0.5, respectively. The
reason to have such dependence is the following. Since some
part of our inhomogeneous simulation box is strained homo-
geneously (at large J) data from this region fall on top of the
homogeneous flow data. Thus, we have two different power
laws for homogeneous and inhomogeneous flow, which start
from the same point and diverge with the same exponent but
at different volume fractions. Therefore, in our scaling rela-
tion, we have a prefactor that not only depends on the y,, but
also on the nature of the rheology.

However, for inhomogeneous flow with large ¢, due to
particle migration, the local volume fraction goes above

1£:90:Z) G20z AeN 22
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FIG. 4. Identified scaling relations for frictional spherical particles with two different friction coefficients 4, = 0.1 (top) and 0.5 (bottom). In (a)~(d), the
collapse of homogeneous and inhomogeneous data according to scaling relations given by Eqs. (11), (13), (15), and (17) for u, = 0.1 are presented.
The solid black lines represent the scaling function (see text for details). The inset of (d) shows an additional scaling relation obtained from Eqgs. (13) and (17).

(e)~(h) show the same for u, = 0.5.

qﬁ? (). In this regime, the scaling relation given in Eq. (11)
does not apply. The inhomogeneous flow at ¢ > d)}f is con-
trolled by ©,. In Figs. 3(b) and 3(d), the homogeneous and
inhomogeneous data do not follow the same trend but for
fixed ¢, in inhomogeneous flow, both J and ©; seem to have
higher values compared to homogeneous values. This indi-
cates that, among the regions which have same ¢, the flow
rate is higher where velocity fluctuations are higher. This
correlation leads to another scaling relation presented in
Figs. 4(b) and 4(f). Here, we exploit the power law
dependence of J and ©; on ¢ given in Egs. (8) and (10) to
establish our next scaling relation

J/0s = F5, (). (13)

The data collapse is supported by the following form of
scaling function:

A3
1+ 4f(ol - 9)"

F3(d) = Ay — (14)

with ¢§H ~ ¢rcp- Here, it is important to emphasize that the
mathematical form of the scaling function is chosen purely
for predictive purposes, without implying any physical sig-
nificance. While the form of the scaling function may
suggest certain physical phenomena, these interpretations
may not hold true for the actual system. For example, F fb(qﬁ)
suggests that J/©, would vanish at q’)SH with an exponent of
2; however, this might not be accurate, as we lack data points
near qbgH to confirm this behavior. The primary reason for
selecting this specific functional form is that it provides a
good fit for data collapse within the studied range. The argu-
ment is valid for all the scaling functions used here.

Next, we focus on the power law dependence of u and O
on J given by Eqgs. (7) and (9). In both cases, homogeneous

and inhomogeneous data seem scattered but for a fixed J
inhomogeneous u lie below homogeneous data, whereas ©;
shows an opposite trend. This suggests that regions with
smaller u have higher velocity fluctuations, which maintain
the flow rate. Following [13] and [14], we attempt to scale x|
by Oy using the power law scaling. From Egs. (7) and (9), =
we expect a power law scaling Ouu ~ J*'7. However, unlikeg8
dense suspensions of frictionless spherical particles in [13], &
this power law scaling does not result in a satisfactory data§
collapse at small J. We find with an adjustment of the weight 2
of u and ©; such scaling can provide us with our next
scaling relation valid for a wide range of J, given below:

p'4e% = F5(). (15)
Here, F5(J) is given by
e if J > 1072,

C3J% if 1072 >J> 5x 1074, (16)
C8J% ifJ< 5% 1074

Fi() =

The form of the scaling function depends on w,, with the
exponents af, ag, and a§ found to be 1, 0.85, and 0.55, and
0.9, 0.75, 0.55 for U, = 0.1 and 0.5, respectively. This
perhaps originates from the fact that the various scaling expo-
nents are not universal but rather dependent on the friction
coefficients u,. The data collapse is shown in Figs. 4(c)
and 4(g). Our next scaling relation is based on the granular
fluidity defined as J/u® (see [36]) which uniquely depends
on ¢ for both homogeneous and inhomogeneous flows. The
theoretical justification of such quantity is given by kinetic
theory [61,62]. Similar to this an effective suspension fluidity
is introduced in [13] for suspension of spherical frictionless
particles. Here, we extend this to the suspension of frictional
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spherical particles, which gives us

J/u e, = Fi(¢). 7

Here,
D¢’
1+ DY (¢ — ¢)°

Fi(¢) =Dy’ — (18)
shown in Figs. 4(d) and 4(h).

Thus, we effectively have three scaling relations. The
second and third scaling relations, given by Eqgs. (15)
and (17), are valid across a wide range of volume fractions,
both above and below ¢7. In contrast, the first scaling rela-
tion is divided into two parts. The first part, Eq. (11), applies
for ¢ < (],’)7 , while the second part, Eq. (13), is valid above
¢!. Later, we will demonstrate how these scaling relations,
combined with the momentum balance equation, allow us to
predict all the relevant dimensionless numbers based solely
on the applied fluid flow. In addition to the scaling relations
discussed above, using Egs. (13) and (17), it is possible to
deduce another relation u''!' ~ F,(¢p)/F3(¢p). The data
collapse for u, = 0.1 using this scaling relation is presented
in the inset of (d).

B. Rheology of frictionless rod-shaped particles

For the system of frictional spherical particles, we find
decoupling of homogeneous and inhomogeneous shear
jamming volume fraction (i.e., qﬁ? < ¢rep & <;'>5H ) due to the
frictional constraints. Similar decoupling is also expected for
rod-shaped particles due to the constraints imposed by
asphericity quantified by the aspect ratio. The relations
between different dimensionless numbers for this system,
shown in Fig. 5, are similar to those for frictional spherical
particles. The homogeneous data follow the same functional
form given by Eqgs. (7)-(10) and are, therefore, not discussed
here. Both ¢7 and u; exhibit nonmonotonic dependence on
AR, with an maximum value of AR ~ 1.5, shown in the inset
of Fig. 5(b).
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We further identify the scaling relations to unify the
homogeneous and inhomogeneous flow of rod-shaped, fric-
tionless particles. We find that the scaling relation
ulJ ~ ]—'fa(ci)), which works for frictionless spherical parti-
cles across the entire range of volume fractions and for fric-
tional spherical particles within a limited range, particularly
below (j)JH , does not hold for frictionless rod-shaped particles.
However, the scaling relation in Eq. (13) holds over a wide
range of volume fractions, including both above and below
the aspect ratio-dependent d)f . This is our first scaling rela-
tion for the system of frictionless of rod-shaped particles,
which can be expressed as

J/0; = FX(). (19)

Here,
A§
1+ AR (g — )™

FH(d) = Af — (20)

is the best fitted form of the master curve which vanishes at
qbﬁH as shown in Figs. 6(a) and 6(d), for AR = 1.5 and 3.0.
Unlike the frictional spherical system where gH is
independent of 4, and always same as ¢pcp, for rod-shaped
particles ¢5H are found to be different for different AR.
Similar to the scaling relation given by Eq. (15) for the
system of frictional spherical particles, we find such power
law scaling also works for rod-shaped particles but with dif-
ferent exponents:

p'2e%s = FE (), 21)
where the best form of the scaling function F5(J) is the
following:

) =

cRyt
Ry
Ry

ifJ>2x 1072,

if2x1072>J> 8x 1074

if J <8x107%.

0.45

(22)

%oy ()
dq%
U <‘DD% )
¢]
- O
0.55F = 1
oof ™
0.5 9 L
0.01 ~'
Ny
0.45F 10 110'3 ']\

FIG. 5. The relationships between the dimensionless control parameters for a system of frictionless rod-shaped particles with L, = L. = 25a, L, = 80a, and
aspect ratio AR = 2.0. Shown are the relationships between the dimensionless viscous number J and (a) the macroscopic friction coefficient u; (b) the local
volume fraction ¢; and (c) the suspension temperature ©;, for a range of mean volume fractions ¢ in both homogeneous and inhomogeneous flows. In (d), the
relationship between ¢ and ©; is shown. The inset of (b) shows the dependence of d)y and u; on AR, which are in strong agreement with [42,45]. The black
solid lines in (a)—(d) represent the best fits to the homogeneous data based on Eqs. (7)—(10), respectively. The inset of (c) shows schematics of rods with two
aspect ratios, AR = 1.5 and 3. The inset of (d) shows the first and second normal stress difference (N; and N,) as a function of J for inhomogeneous flow with

similar trend to ones reported in [47].
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FIG. 6. Identified scaling relations for frictionless rod-shaped particles with two different aspect ratios, AR = 1.5 and 3. In (a)—(c), the collapse of homoge-
neous and inhomogeneous data according to scaling relations given by Eqs. (19), (21) and (23) are shown. The solid black lines represent the scaling function
(see text for details). The inset of (c) shows an additional scaling relation obtained from Egs. (19) and (23). (d)—(f) show the same for AR = 3. The inset of (f)
shows the spatial variation of angle between the axis of rod-shaped particles with different axes. Empty and solid symbols are for homogeneous and inhomoge-
neous flow, and solid, dotted, and dashed lines represent x, y, and z components, respectively.

As with frictional spherical particles, the scaling exponents
are independent of AR, but the exponents of, &%, and of in
the master curve are found to be 1.06, 0.83, and 0.59 for
AR = 1.5, and 0.94, 0.78, and 0.48 for AR = 3.0, respec-
tively, see Figs. 6(b) and 6(e).

Similar to frictional spherical particles our third scaling
relation for rod-shaped particles describes the dependence of
effective suspension fluidity on the volume fraction, uniquely
defined for both homogeneous and inhomogeneous rheology.
We find in this system the effective suspension fluidity can
be defined as J/u%@, and exhibits the following relation as
shown in Figs. 6(c) and 6(f):

J /20, = Fi(e), (23)
where

B Di¢
1+ DR (¢ — )

FX($) = Di o (24)

vanishing at an AR dependent volume fraction gH . An addi-
tional scaling relation obtained from Eqs. (19) and (23) is
presented in the inset of Fig. 6(c). Previous studies [41,42]
suggest that orientational ordering of rod-shaped particles in
the direction of U is possible under straining. We further
investigate this possibility in our system by measuring the
angles (6,), (6,), and (6,) between the axis of the rod-
shaped particles and the x, y, and z axes, respectively, as
shown in the inset of Fig. 6(d) for AR = 3.0. For homoge-
neous flow, we find that particles exhibit a tendency to align

in the flow direction, as indicated by the smaller value of iy
(6) compared to (6,) and (). However, in inhomogeneous §
flow, they remain more or less isotropic, possibly due to par-
ticle migration and variations in the spatial derivative of U®.
No qualitative change is observed for different volume frac- &
tion and AR.
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IV. PREDICTION

Our system is characterized by four dimensionless
numbers and three effective scaling relations. By examining
the spatial variation of just one of these dimensionless
numbers, we can comprehensively capture and describe the
system’s rheological behavior. In our simulations, however,
the only known input is the externally applied streaming
velocity profile, represented by U (y). Thus, to utilize the
scaling relations, we must be able to compute one of the
dimensionless numbers from the information of U®.
To do so, considering the inertia-free momentum balance

V - X = —f per unit volume, for the /th segment of the simu-
lation cell, we express the following equation:
© 00y,
N167Z'1](11[Ux‘l - ux,l] = —( 8)1) > Vh. (25)

Here, N, U;"l, uyy, and oy, represent the particle number
in the block, the liquid streaming velocity at the block center,
the particle velocity, and the stress averaged over the block,
which has volume V. a; represents a volume averaged parti-
cle radius at / with magnitude = 1.2 for spheres and 1 for
rod-shaped particles. The left-hand side of Eq. (25) repre-

sents the net viscous force on the particles due to fluid drag.
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FIG. 7. Predictions of the spatial variation of the dimensionless quantities ¢, J, u, and ©; using the identified scaling relations and momentum balance equa-
tion against simulation data not used for the data collapse, for the system of frictional spherical particles (top) and frictionless rod-shaped particles (bottom)
with U*(y) = xsin(2zy/L,)%. Shown are (a) the volume fraction ¢; (b) the viscous number J; (c) the macroscopic friction coefficient 4; and (d) the suspension
temperature ©;, with predictions given by solid green lines and simulation data in red points, for ¢ = 0.595 and 4, = 0.1. Prediction using constitutive laws of
u(J) rheology [6] are shown using blue dashed lines. The same quantities are shown in (e)—(h) for the system of frictionless rods for ¢ = 0.615 and AR = 1.5.

Under inertia-free conditions this is compensated by the net
stress gradient within the block. Using our dimensionless
number definitions, Eq. (25) can be reformulated for the
streaming velocity at y as

100, N yl BN g 2a 3ﬂ*(y)
Ve o= an"@)dy 9¢<y>( oy ﬂ

where U’ (y) = U (y)n/aP and the asterisks indicate multi-
plication by sgn(7”(y)). Note that P is uniform at steady state
and ¢(y) = (4/3)ra’N(y)/V},. Thus, Eq. (26) links the exter-
nally applied liquid flow field to the profiles of J, u, and ¢.

Given Uy, we solve Eq. (26) and the scaling relations
[Egs. (11), (13), (15), and (17)] for frictional spherical parti-
cles, and Eqgs. (19), (21), and (23) for frictionless rod-shaped
particles] numerically by the following method. Initially, we
assume a ¢(y) profile, hypothesizing accumulation of parti-
cles at points where the spatial derivative of U” is zero, start-
ing with a simple Lorentzian form ¢(y) = ZZ”: | ax/
[y — y2)2 + b7l + ¢y, with mass conserved through
¢ =(1/L)) LL > ¢(y)dy. Here, n, is the number of points
where the first derivative of U® is zero, yg is the coordinate
of such a point, and by is the width of the Lorentzian func-
tion centered at yg. Next, we compute J, i, and O, directly
using the scaling relations, before attempting to balance
Eq. (26). The imbalance in Eq. (26) indicates the accuracy of
our initial guess. We refine ¢(y) by adjusting ¢, ax, and by
until Eq. (26) is satisfied within an acceptable tolerance.

The results, shown in Fig. 7, compare predicted outcomes
against previously unseen simulation data (i.e., data not used
for obtaining the scaling exponents) with ¢ = 0.595 for fric-
tional spherical particles, 0.615 for frictionless rod-shaped
particles, and U®(y) = ksin(2zy/L,)%, demonstrating the
success scaling relations in predicting y profiles of ¢, J, 4,
and ©,. Despite the highly nonlinear nature of the scaling

(26)

relations and many orders of magnitude spread of J and O,
the predictions are reasonably accurate.

V. CONCLUSION

Through particle-based simulations, we establish a univer- §
sal description of the flow behavior of dense suspensions, of §
frictional spherical and frictionless rod-shaped particles. In g
addition to the standard control parameters solid volume frac- :—‘:
tion ¢, viscous number J, and macroscopic friction coeffi—§
cient u, we introduce a novel parameter, suspension -
temperature O;, representing velocity fluctuations, inspired
by concepts from dry granular materials. Our findings reveal
scaling relations among these parameters that successfully
collapse data for both homogeneous and inhomogeneous
flows. Using the momentum balance, we demonstrate that
the characteristics of general homogeneous and inhomoge-
neous flow can be predicted based on the applied external
force. It is important to note that in this work, we primarily
focused on finding the existing scaling relations from the
simulation data rather than a thorough investigation of the
physical origin of them. Other choices of dimensionless
quantities, for instance, based on the rotational degrees of
freedom may warrant further investigation. The exponents
reported here are found by using an ad hoc method to obtain
the best data collapse. The physical origin of these exponents
and the validity of the identified scaling relations in flows
with more complex geometries such as hopper flow [38]
remain unexplored here but represent natural and important
avenues for future work, alongside extending the proposed
scaling relations to situations where the gradient of the flow
rate extremely large [13].
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APPENDIX: NUMERICAL VALUES OF FITTING
PARAMETERS

Shown in Tables I and II are the numerical values of fitting
parameters used in the scaling relations reported above.

TABLE 1. Values of various quantities for different particle friction
coefficient u,,.

Hp ¢7 Hy 5H a ﬁ

0 0.649 0.13 0.649 0.44 0.37
0.1 0.625 0.25 0.654 0.47 0.43
0.2 0.611 0.31 0.655 0.45 0.45
0.3 0.607 0.34 0.652 0.44 0.44
0.5 0.589 0.38 0.649 0.43 0.43

TABLE II. Values of various quantities for different particle aspect ratio
AR.

AR ¢ff Hy i o B
0 0.649 0.13 0.649 0.44 0.37
L5 0.680 0.30 0.712 0.49 0.42
2.0 0.627 0.17 0.626 0.42 0.39
3.0 0.569 0.17 0.575 0.40 0.38
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