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Abstract

Suspensions of neutrally buoyant, non-Brownian, repulsive particles dispersed in Newtonian fluids give rise to complex rheology, shear thin-
ning at low shear rates and shear thickening at high shear rates. Despite extensive study, important aspects of their rheology remain in part
unclear, including (i) the role of the drag force in the onset of shear thickening; (ii) the relation between the range of the repulsive force and
the rate of shear thinning; and (iii) the value and shear rate dependence of the exponent describing their viscosity divergence. To address
these questions, we study the rheology of these suspensions under simple shear flow via a comprehensive numerical Eulerian–Lagrangian
model that resolves both the solid and liquid phases, thereby eliminating the need to prescribe the fluid velocity field. This approach allows
us to test the assumption of ideal simple shear flow, where the phasic velocity profiles are linear and the shear rate is spatially uniform—an
assumption that becomes increasingly inaccurate as the system approaches the jamming transition. Using a simple force balance and account-
ing for the drag-force hindrance function in the nondimensionalization of the shear rate, we retrieve the onset of shear thickening at the
expected order of magnitude of dimensionless shear rate and obtain an expression for the interparticle equilibrium distance that fits the numer-
ical results accurately. Treating the repulsive particles as apparent particles consisting of a rigid core and a soft shell, whose thickness is
related to the interparticle equilibrium distance, we describe the suspension rheology by means of a modified Krieger–Dougherty equation,
relating its parameters to the shear rate and the repulsive force range. © 2026 Author(s). All article content, except where otherwise
noted, is licensed under a Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).
https://doi.org/10.1122/8.0000932

I. INTRODUCTION

Suspensions of non-Brownian, repulsive particles dis-
persed in Newtonian fluids exhibit a complex rheology char-
acterized by shear thinning, shear thickening, and regions
where their viscosity does not depend on the shear rate.
Repulsive forces typically emerge from ions that accumulate
around the particle surfaces, forming electric double layers.
These forces decrease exponentially as the distance from the
particle surface increases. Their magnitude and characteristic
range (referred to as the Debye length) are influenced by
material properties and ionic strength and play a key role in
determining the suspension viscosity. For example, Jeffrey
and Acrivos [1] observed that increasing the ionic strength
can reduce the viscosity of a model suspension by several
orders of magnitude. In many industrial processes, control-
ling the ionic strength is crucial to achieving the desired rhe-
ological performance. For instance, in the coating of catalytic
converters [2], maintaining a low viscosity of the “washcoat”
is critical.

In general, the suspension viscosity ηm is correlated with
the solid volume fraction f, the shear rate _γ, and the strength
and range of the repulsive forces. Establishing this functional
dependence would greatly facilitate process design and

optimization. To achieve this by simulation, one must model
the suspension dynamics, accounting for the repulsive forces,
and extract rheological information via averaging [3]. To do
so, the most suitable modeling approach is one that resolves
the microscopic dynamics of individual particles and accu-
rately captures all relevant particle-particle interactions,
including those arising from repulsive forces. In contrast, a
detailed description of the motion of the ambient fluid, at a
length scale much smaller than the particle size, is unneces-
sary; here, a mean-field description suffices, where the fluid-
particle interactions are modeled via appropriate closures.
This leads to the unresolved Eulerian–Lagrangian modeling
approach adopted in this work [4]. Although this approach
does not yield the suspension stress tensor (and thus the rhe-
ology) directly, this can be obtained via a suitable averaging
scheme—the same scheme used to model the solid phase as
a continuum, resulting in the Eulerian–Eulerian description
of the mixture dynamics [5].

In an ideal simple shear flow, where the fluid and solid
phases have the same mean velocity and the shear rate and
volume fraction are spatially uniform, a Eulerian–Lagrangian
model is expected to give very similar predictions to those of
simpler models in which a linear fluid velocity profile is pre-
scribed [6–8]. However, at the jamming point, the particles
are immobile and, as we will show, the fluid velocity profile
is highly nonlinear, while near this transition point, jamming
can arise locally and intermittently, producing nonlinear
velocity profiles and interphase slip that can only be captured
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when the fluid phase is resolved. Here, a Eulerian–
Lagrangian model is valuable not only to describe the sus-
pension dynamics more accurately but also to assess whether
globally averaged properties of the suspension are physically
meaningful.

Our model is developed within a computational fluid
dynamics-discrete element method (CFD-DEM) framework
and is implemented in the open-source software “CFDEM”.1

Based on the work of Jamshidi et al. [9], it differs from other
CFD-DEM models in its interpretation of the fluid effective
stress tensor, which accounts for the particle presence stress
in line with the arguments advanced by Jackson [3], Zhang
and Prosperetti [10], and Nott et al. [11], and in the way it
closes the mean fluid-particle interaction force, accounting
for the contribution of the lubrication forces, in line with the
arguments advanced by Nott et al. [11] and Jamshidi et al.
[9]. The CFD part of the model includes the locally averaged
mass and linear momentum balance equations for the fluid
phase and, thus, calculates (instead of assuming) the locally
averaged velocity and shear rate fields of the fluid phase and
in turn of the suspension.

In this work, we employ this model to study the rheology
of suspensions of neutrally buoyant, repulsive particles in
simple shear flow, but the model is of general validity. For
example, it can be employed to study more complex flows
such as those of a suspension around a solid body, in a
porous medium or in a fluidized bed.

Suspension rheology is a rapidly advancing field, driven
by recent progress in bridging particle-scale physics with
macroscopic flow behavior [12,13]. A key rheological param-
eter is the jamming volume fraction, as the suspension vis-
cosity depends strongly on how close the solid volume
fraction is to it [14]. The Krieger–Dougherty equation is the
expression most commonly used to describe this dependence
[15]. The jamming transition is sensitive to various properties
of the particles, such as the friction coefficient of their sur-
faces [16–22], their shape [23], and adhesion [24,25]. A key
finding is that jamming is associated with a spanning
network of particle contacts that establishes under shear con-
ditions [26]. For example, in suspensions of repulsive parti-
cles, shear thickening stems from the transition of the
low-viscosity rheology of frictionless particles, with a higher
jamming volume fraction, to the high-viscosity rheology of
frictional particles, with a lower jamming volume fraction
[6,27,28]. The influence of the drag force on this transition,
however, has been seldom discussed in the literature. Less
well-understood is how particle properties influence the rates
of shear thinning and of the viscosity divergence leading to
jamming, described by the exponent in the Krieger–
Dougherty (KD) equation. For instance, studies have shown
that the viscosity of soft particle suspensions increases more
abruptly near jamming, corresponding to a smaller KD expo-
nent [29,30]. Therefore, in this work, we aim to investigate
(i) the role of the drag force in the onset of shear thickening,

(ii) the relation between the range of the repulsive force and
the rate of shear thinning, and (iii) the value and shear rate
dependence of the exponent describing the suspension vis-
cosity divergence.

The article is organized as follows. Section II introduces the
Eulerian–Lagrangian model used to simulate the suspensions.
Section III reports the closure equations, introduces the stress
tensors of the solid phase and the suspension, and defines the
suspension viscosity. Section IV presents the simulation parame-
ters and briefly discusses some issues related to numerical stabil-
ity. Section V investigates the physical mechanisms underlying
the rheology of suspensions of repulsive particles and derives an
expression predicting the rate of shear thinning. Section VI pre-
sents the simulation results for suspensions of nonrepulsive fric-
tionless and frictional particles, analyzing their velocity profiles,
and then examines suspensions of repulsive frictional particles
with different Debye lengths. Section VII summarizes the con-
clusions of this work. The article includes two appendices:
Appendix A derives a novel critical time step for overdamped
systems, while Appendix B derives the drag force scale account-
ing for the hindrance function.

II. MODEL

Here, we present the CFD-DEM model used to simulate
the suspensions. In what follows, the variables are defined
locally, being functions of spatial position x and time t. For
brevity, these dependencies are omitted.

A. Locally averaged equations of motion for the
fluid

The locally averaged equations of motion for the fluid read

@t(ερe) ¼ �@x�ερehuie, (1)

@t(ερehuie) ¼ �@x�ερehuiehuie
� @x�hSie þ ερeg� nhf ip,

(2)

where ε ¼ 1� f and ρe are the volume fraction and density of
the fluid, respectively. The derivation of these equations can be
found in the literature [3,9–11]. Angle brackets denote locally
averaged properties. huie is the average fluid velocity, hSie
is the fluid effective stress tensor, g is the gravitational field, n is
the particle number density, and nhf ip is the force exerted by
the fluid on the particles per unit volume of suspension.

The expression for the fluid effective stress tensor was
derived through a rigorous averaging procedure by Jackson
[3] and reads

hSie ; εhσie þ nhAip þ ερehûûie, (3)

where hσie is the mean value of the point stress tensor of the
fluid, while hûûie is the mean value of the dyadic product of
the fluid velocity fluctuations. The first term on the right-
hand side of Eq. (3) is present because, before the averaging
is carried out, the liquid phase is already modeled as a fluid
and, thus, is already endowed with a point stress tensor. The
last term is a Reynolds stress type of contribution but is not
necessarily related to turbulence [3,10,31,32]. The term

1CFDEM – Open source CFD, DEM and CFD,” retrieved from http://www.
cfdem.com (2011).
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nhAip is related to the interaction between the fluid and the
particles (through the stress forces exerted by the fluid on the
particle surfaces) and is known as the particle-presence stress
tensor [3,10,33]. This term is often regarded as part of the
solid stress tensor; however, as discussed by Nott et al. [11]
and Jamshidi et al. [9], doing so is incorrect. Following
Jamshidi et al. [9], we divide this tensor into two parts,

nhAip ¼ nhAiwp þ nhAi†p : (4)

The starred term is related to the distortion of the fluid
streamlines around the particles [32]. This term is always
present and in dilute suspensions yields the Einstein correc-
tion for the mixture viscosity [34]. The second term is related
to the lubrication forces between neighboring particles and
becomes important in dense systems with f ⪆ 0:2 [9].
Defining

hSiwe ; εhσie þ nhAiwp þ ερehûûie, (5)

we then obtain

hSie ¼ hSiwe þ nhAi†p , (6)

in which the first term on the right is always present, while
the second term is significant only in dense suspensions.

B. Equations of motion for the solid particles

The equations of motion for each suspended particle read

m _ur ¼ f r þ
X
s

�
f crs þ f irs

�þ mg, (7)

I _ωr ¼ lr þ
X
s

lcrs þ l†rs
� �

, (8)

where m is the particle mass, _ur is the acceleration of particle
r, f r is the force exerted on particle r by the fluid (and
includes the lubrication, drag, and buoyancy forces), while
f crs and f irs are the forces exerted by particle s on particle r
due to direct contact and short-ranged repulsion, respectively
(for a given particle r, these forces are nonzero only for a
small subset of neighboring particles s). Equation (8) is the
balance equation for the angular momentum, where I is
the moment of inertia of a particle about its center and _ωr is
the angular acceleration of particle r, while lr, l

c
rs, and l†rs are,

respectively, the torques acting on particle r generated by the
fluid-particle interaction and by the direct contact and lubri-
cation forces between particles r and s.

III. CLOSURE EQUATIONS

The balance equations presented in Sec. II are unclosed;
thus, in their current form, they cannot be solved. In the
linear momentum balance equation for the fluid, the unclosed
terms are the fluid effective stress tensor hSie and the fluid-
particle interaction force nhf ip, while in the equations of
motion for the particles, the unclosed terms are the fluid-
particle interaction force f r, the contact and repulsive forces
f crs and f irs, and their associated torques.

We start by considering nhf ip and f r. In Sec. III A, as it is
usually done in the literature, we divide these forces in their
main components: the buoyancy, drag, and lubrication
forces; here, we also discuss the definition of buoyancy
force, which for suspensions is not trivial. In Sec. III B, we
then present the closures for the lubrication forces
(ε@x�nhAi†p and f†rs) and the associated torques (l†rs). In
Sec. III C, we consider the closures for the drag forces, both
for a single particle (f d,r) and per unit volume of suspension
(nhf dip) and for the associated torques (lr). Subsequently, in
Secs. III D and III E, we present the closures for the contact
forces and torques (f crs and lcrs) and for the repulsive forces
(f irs). In Sec. III F, we then consider the closures for the con-
tributors to the effective stress tensor of the fluid (εhσie,
nhAiwe and nhAi†p ). Finally, in Sec. III G, we introduce the
effective stress tensors of the solid phase and of the suspen-
sion, concluding by defining the suspension viscosity.

A. Fluid-particle interaction force

The fluid-particle interaction force nhf ip in Eq. (2) arises
from the gradients of the point velocity of the ambient fluid
generated over the surface of the particles [3]. Similarly to
the particle-presence stress [see Eq. (4)], this force is related
to the stress forces acting on the particle surfaces and arising
from the velocity gradients generated by the distortion of the
fluid streamlines around the particles and to the lubrication
forces between neighboring particles [9,31]; accordingly, we
divide the force into two parts,

nhf ip ¼ nhf iwp þ nhf i†p , (9)

the first term on the right being related to the distortion of
the fluid streamlines and the second term to the lubrication
forces between particle pairs.

The overall force nhf ip includes several terms; one of
these is the buoyancy force, which, for suspensions, can be
defined in various ways [35,36]. Here, we adopt the defini-
tion favored by Jackson [35], relating it to the divergence of
the fluid effective stress tensor,

nhf bi p ;� f@x�hSie ¼ �f@x� hSiwe þ nhAi†p
� �

: (10)

In general, nhf iwp comprises several contributions, but for the
system of interest here, the buoyancy and drag forces are
dominant. Accordingly, we write

nhf iwp ¼ �f@x�hSiwe þ nβ(huie � huip): (11)

The first term on the right is the buoyancy force part related
to the distortion of the fluid streamlines around the particles,
and the second term is the drag force, with β being the drag
coefficient for a single particle.

As shown in Nott et al. [11] and, more recently, in
Jamshidi et al. [9], nhf i†p is equal to

nhf i†p ¼ �@x�nhAi†p : (12)
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This force, which vanishes in homogeneous suspensions (for
nhAi†p is spatially uniform), has been often neglected in the
literature but plays a key role in driving shear-induced parti-
cle migration. From Eq. (10), �f@x�nhAi†p can be interpreted
as the part of the buoyancy force related to the lubrication
forces between particle pairs.

Combining Eqs. (9), (11), and (12), we obtain

nhf ip ¼ �f@x�hSie
þ nβ(huie � huip)� ε@x�nhAi†p : (13)

The first term on the right-hand side represents the total
buoyancy force, in line with Eq. (10).

The fluid-particle interaction force featuring in Eq. (7)
reads

f r ¼ �Vp@x�hSiwe þ f d,r þ
X
s

f†rs, (14)

where the first term on the right-hand side represents the part
of the buoyancy force related to the distortion of the fluid
streamlines, f†rs is the lubrication force, f d,r is the drag force,
and Vp is the particle volume.

Note that if Eq. (14) is averaged, Eq. (13) is recovered [9].
More specifically, the average of �Vp@x�hSiwe þ f d,r is nhf iwp
and that of

P
s f

†
rs is nhf i†p (for further details, refer to

Jackson [3] and Jamshidi et al. [9]). This does confirm that
the expression of the fluid-particle interaction force for a par-
ticle is consistent with that per unit volume of suspension.

Now that these forces have been split in their contributors,
we can address the closure problem for each one of them:
first, we consider the lubrication forces (Sec. III B) and then
the drag forces (Sec. III C).

B. Lubrication force

To model the lubrication forces, we adopt the short-ranged
and pairwise closure derived by Jeffrey and Onishi [37] and
Jeffrey [38] and adapted by Cheal and Ness [7] for DEM
simulations. The lubrication force exerted on particle r by
particle s takes the following form:

f†rs ¼ ηe XA
11krskrs þ YA

11 δ � krskrsð Þ� ��(us � ur)
�

�YB
11(ωr � krs)� YB

21(ωs � krs)
	
, (15)

where ηe is the viscosity of the Newtonian ambient fluid, krs
is the unit vector pointing from the center of particle r to the
center of particle s, and δ is the identity tensor, while ur and
ωr are the linear and angular velocities of particle r, respec-
tively. The torque is given by

l†rs ¼ �ηe YB
11 us � urð Þ � krs þ (δ � krskrs)�(YC

11ωr þ YC
12ωs)

� �
:

(16)

For the expressions of the scalar resistances XA
11, Y

A
11, Y

B
11,

YB
21, Y

C
11, and YC

12, refer to Cheal and Ness [7]. Note that these
expressions do not feature any adjustable parameters.

The lubrication force modeled by Eq. (15) diverges at par-
ticle contact, but it is customary to truncate it for
surface-to-surface distances smaller than about 0.1% of the
particle radius.

The part of the particle-presence stress tensor related to
the lubrication forces, featuring in Eq. (6), is given by [9],

nhAi†p ;
a

Va

X
r

X
s

krsf
†
rs, (17)

where a is the particle radius and the two sums are over all
the particles r and s present in the averaging region of
volume Va. This region must be large enough to contain
several particles so that the average is statistically meaning-
ful, but its characteristic size must be much smaller than the
length scale characterizing the spatial variations of the mean
fields so that such variations are correctly captured.

C. Drag force

In Eq. (14), the drag force exerted by the fluid on particle
r is taken to be proportional to the difference between the
mean velocity of the fluid and the velocity of particle r. So,
we have

f d,r ; β(huie � ur), (18)

where β is the drag force coefficient and ur is the velocity of
particle r. The volume averaged drag force for the fluid
phase, featuring in Eq. (13), is given by

nhf dip ;
1
Va

X
r

f d,r, (19)

where the sum is over all particles r in the averaging volume.
In the literature, there are various closures for β. Here, we
use that by Di Felice [39], written consistently with the
definition of buoyancy force used in Eq. (11),

β ¼ (πa2)
1
2
ρejhuie � huipjCD(Re)


 �
ε2�χ,

χ ¼ 3:7� 0:65 exp
�(1:5� log10 Re)

2

2


 �
,

(20)

where the mean velocity of the solid phase is defined as

nhuip ;
1
Va

X
r

ur, (21)

and the Reynolds number Re and friction coefficient CD are
given, respectively, by

Re ;
ερejhuie � huipj2a

ηe
, (22)

CD ¼ 0:63þ 4:8ffiffiffiffiffiffi
Re

p

 �2

: (23)

Equation (20) features the mean velocity of the solid phase,
so β has the same value for all the particles contained in the
averaging volume. This ensures that Eq. (19) yields the
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correct expression for the mean drag force per unit volume of
suspension featuring in Eq. (13),

nhf dip ¼ nβ(huie � huip): (24)

Note that Di Felice [39]’s closure does not contain any
adjustable parameters and has been extensively validated in
the literature. For instance, see Mazzei [40] and references
therein.

In Eq. (8), for the term lr, we account solely for the rota-
tional component of the drag force. At low Reynolds
numbers, this is often modeled by the Stokes torque,

lr ¼ 8πηea
3(hωie � ωr), (25)

where hωie is the mean angular velocity of the fluid, given
by the axial vector associated with the antisymmetric part of
the gradient of the fluid mean velocity field. Many studies,
such as those by Blais and Bertrand [4] and Liu et al. [41],
disregard the Stokes torque. As shown by Bnà et al. [42], its
influence is negligible for particles with diameters up to
several tens of micrometers. In light of this, and after verify-
ing that this term is indeed negligible for the systems herein
considered, we have omitted it in our simulations.

D. Contact force

To model the contact forces between particles, we employ
the spring-dashpot model [43]. Here, the (absolute) normal
and tangential particle overlaps, δn and δt, respectively,
together with the relative particle collision velocities in the
normal and tangential directions, unrs and utrs, respectively, are
used to calculate the normal and tangential parts of f crs, as
well as the torque lcrs. These are modeled as follows:

f crs ¼ f c,nrs þ f c,trs , (26)

f c,nrs ¼ � knδn þ ηnunrs
� �

krs, (27)

f c,trs ¼ � ktδt þ ηtutrs
� �

trs, (28)

lcrs ¼ akrs � f c,trs , (29)

with

urs ; ur � us þ a(ωr þ ωs)� krs, (30)

unrs ; urs � krs; utrs ; urs � trs: (31)

Here, δttrs denotes the incremental tangential displacement,
reset at the initiation of each contact, while k and η are the
spring and damping coefficients, respectively. The tangential
force is truncated to fulfill Coulomb’s law of friction
jf c,trs j � μjf c,nrs j, where μ is the friction coefficient. The tangen-
tial dashpot has no physical significance and is primarily used
in granular media simulations as an efficient numerical stabil-
izer. Following Mari et al. [6], we omit tangential damping.
For sufficiently hard particles, the absolute value of the spring
coefficient does not affect the magnitude of the collision
forces (see discussion in Sec. IV). The normal spring

coefficient is calculated from the material properties,2

kn ¼ 16

15
ffiffiffi
2

p ffiffiffi
a

p
Yw 15

ffiffiffi
2

p
mv2ch

32
ffiffiffi
a

p
Yw


 �1=5

, (32)

while the normal damping coefficient is given by

ηn ¼ 2mkn

1þ π

ln e

� �2 , (33)

where vch is a parameter that should reflect the characteristic
impact velocity between particle pairs, but whose value is
often set to fine-tune the normal spring coefficient, and e is
the restitution coefficient (equal to unity for elastic particle
collisions). The material property Yw is defined as

Yw ;
Y

2(1� ν2)
, (34)

where Y and ν are the Young modulus and the Poisson ratio,
respectively. The tangential spring coefficient is set equal to
the normal one (kt ¼ kn).

E. Repulsive force

We use a repulsive force similar to the electrostatic double
layer force,

f irs ¼ �F0e
�(h�δrs)κkrs, (35)

where F0 is the force at contact, h is the interparticle surface
distance, and κ�1 is the Debye length. δrs denotes the sum of
the widths of the asperities for particles r and s; for h � δrs,
the force f irs is set to be constant and equal to � F0krs. The
theoretical Debye length is given by [44]

κ�1 ¼ εeε0ħT
2q2E


 �1=2
, (36)

where E is the ionic strength, q is the electric charge, ε0 is
the permittivity of vacuum, εe is the relative dielectric cons-
tant of the liquid, ħ is the Planck constant, and T is the abso-
lute temperature. For typical values of E, Eq. (36) yields a
Debye length between 1 and 10 nm, but in the literature far
greater values have been considered (Mewis and Wagner
[45], Chatté et al. [46], and Mari et al. [6]); here, we make
the Debye length range between 0:0005a [order of magnitude
given by Eq. (36)] and 0:05a (order of magnitude in the
cited articles).

F. Effective stress of the fluid

As shown in Eq. (6), the fluid effective stress tensor hSie
is given by the sum of the tensors hSiwe and nhAi†p . The latter
is related to the lubrication forces, and therefore, its closure

2LAMMPS improved for general granular and granular heat transfer simula-
tions,” retrieved from http://www.liggghts.com (2011).
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was discussed in Sec. III B [see Eq. (17)]. The former, as
shown in Eq. (5), involves two non-negligible terms: εhσie
and nhAiwp (ερehûûie is insignificant for the flow considered
here [3]). The former is the averaged fluid point stress tensor;
its closure was rigorously derived by Joseph et al. [47] and
reads

εhσie ¼ εhpieδ � ηeh _γiv, (37)

where hpie is the fluid mean pressure, while h _γiv is twice the
deformation rate tensor of the following velocity field:

huiv ; εhuie þ fhuip: (38)

When the slip velocity between the fluid and solid phases is
negligible, h _γiv coincides with h _γie, the latter denoting twice
the deformation rate tensor for the fluid phase (i.e., of the
velocity field huie). Since this is the case of interest in our
work, henceforth in Eq. (37), we replace h _γiv with h _γie. But
note that in the CFD code, we implemented Eq. (37) in its
general form. As we see, Eq. (37) features no adjustable
parameters.

A closure for nhAiwe has been derived for dilute systems;
for suspensions with solid volume fraction up to 5%, the
equation derived by Jackson [3] holds,

nhAiwe ¼ fhpieδ � ηe(5=2)fh _γie: (39)

Hence, combining Eqs. (5), (37), and (39) gives

hSiwe ¼ εhσie þ nhAiwe ¼ hpieδ � ηmh _γie (40)

where ηm is the mixture viscosity with Einstein correction,

ηm ¼ ηe[1þ (5=2)f]: (41)

Equation (40) has been extended to higher volume
fractions of solid, with the “Batchelor-Green” (BG) viscosity
given by [48]

ηm ¼ ηBG ; ηe[1þ Dfþ Ff2]: (42)

We adopt the coefficients suggested by Batchelor and Green
[49], taking the Einstein coefficient D ¼ 2:5 and F ¼ 7:6.
Notice that Eq. (42) predicts the mixture viscosity up to
f � 0:2 [13,50]. For denser suspensions, Eqs. (40) and (42)
are not sufficient, and other viscosity contributions, in partic-
ular that related to the lubrication forces, must be accounted
for. This is done by considering the term nhAi†p , that is, the
second term on the right-hand side of Eq. (6), which repre-
sents the part of the particle-presence stress associated with
the lubrication forces. In our CFD-DEM model, this term
requires no closure because it can be calculated via Eq. (17).

G. Suspension properties

CFD-DEM models do not directly yield the stress tensors
of the solid phase and the suspension; however, they provide

all the information required to obtain them through averag-
ing. The expression of the solid stress tensor is [3,36]

hSip ; nhBicp þ nhBiip þ fρphûûip, (43)

where ρp is the density of the particles. The last term on the
right-hand side of Eq. (43) is the kinetic stress tensor, which
is related to the particle velocity fluctuations, and is negligi-
ble for the flow considered here [31]. nhBicp and nhBiip are
the parts of the stress arising from direct particle contacts and
repulsive interactions, respectively,

nhBicp ;
a

Va

X
r

X
s

krsf
c
rs, (44)

nhBiip ;
a

Va

X
r

X
s

krsf
i
rs, (45)

where f crs and f irs represent the contact and repulsive forces
between particles r and s, respectively.

Now, if the interphase slip velocity is small, the suspen-
sion stress tensor is given by [5]

hSim ; hSie þ hSip: (46)

The viscosity is obtained by modeling the suspension as a
generalized Newtonian fluid, whereby

ηm ;
hτim : h _γim
h _γim : h _γim

����
����, (47)

where hτim is the deviatoric part of hSim, while h _γim is twice
the rate of deformation tensor of the suspension velocity
field. ηm depends on the shear rate, which is defined as

jh _γimj ; [(1=2)h _γim : h _γim]1=2: (48)

Note that hτim and h _γim are locally averaged variables; thus,
Eq. (47) yields a viscosity field.

The balance equations for both phases with all the
required closures, in their final form as implemented in the
numerical code, are summarized in the supplementary
material.

IV. SIMULATION CAMPAIGN

We simulate a 3D shear flow with periodic boundaries in
the flow (x) and vorticity (y) directions and two planar walls
normal to the gradient (z) direction. The bottom wall is
fixed, while the top one moves horizontally at velocity _γLz,
where _γ is the nominal shear rate, while Lz is the distance
between the walls (see Fig. 1). To ensure scale separation, Lz
is two orders of magnitude larger than the particle radius a,
while along the periodic directions, the separation-of-scales
condition is not as strict, with Lpx and Lpy set equal to about
50a. The key particle properties are the radius a, density ρp,
normal stiffness kn, and friction coefficient μ.
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The fluid and particle phases are simulated separately
with their own time steps, and at a given interval, they are
coupled and exchange forces [4]. Both the fluid and particle
time steps are critical for a stable and accurate simulation.
There is a regime of particle time steps where the simulation
is stable but generates unphysically large relative particle
velocities. To address this issue, we derived a new time step
criterion specifically for overdamped systems, accounting for
the lubrication forces (see Appendix A). To ensure physically
realistic simulations, the following quantities must be signifi-
cantly smaller than unity:

(i) a=Lz (ii) ρp _γa
2=ηe (iii) 6πηea _γ=k

n

(iv)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
(3=2)πa2ηe=δ

�2 þ 4mkn
q

� (3=2)πa2ηe=δ

ΔtDkn
:

(49)

Condition (i) ensures the separation of scales between the
size of the particles and the size of the flow domain, allowing

us to model the solid phase as a continuum and guaranteeing
bulk conditions. For our system, a=Lz � 10�2.

Condition (ii) ensures that the inertia of the particles (and
of the ambient fluid, since the particles are neutrally
buoyant) is negligible. For our system, ρp _γa

2=ηe � 10�2.
Condition (iii) ensures that the particles are essentially

rigid. Let us clarify the importance of this condition. In this
work, our aim is to study the rheology of repulsive rigid par-
ticles; however, in our DEM model, the contact forces
between the particles are elastic. This introduces in the
model the force scale kna, which would be absent for strictly
rigid particles. The relative importance between the drag
force and the elastic force, quantified by the dimensionless
number 6πηea _γ=k

n, would introduce a shear-rate dependence
of the suspension viscosity. To eliminate this effect and pre-
serve the shear-rate independent behavior of rigid particles,
we select a value for kn that renders 6πηea _γ=k

n much smaller
than unity, ensuring that the suspension is always in the
asymptotic regime of nearly rigid particles. For our system,
6πηea _γ=k

n � 10�7.
Condition (iv) ensures a physical and stable simulation,

where ΔtD is the DEM time step, δ=2 is the width of the par-
ticle asperities, and m is the mass of a particle. For our
system, the order of magnitude of this dimensionless number
is 10�7. Additionally, we introduced bidispersity to inhibit
the formation of ordered phases observed in dense suspen-
sions consisting of particles of the same size under shear. We
chose a size ratio of a2=a1 ¼ 1:4 [51], the two particle
classes having the same volume fraction. Since the suspen-
sion is bidisperse, when we refer to the radius and width of
the surface asperity, we take a ¼ ffiffiffiffiffiffiffiffiffi

a1a2
p

and
δ=2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

δ1δ2=4
p

.
These conditions ensure that under constant friction (μ)

and steady-state conditions, the viscosity ηr is a function
only of the volume fraction f. Adding repulsive interparticle
forces to the system is thus the only force scale that can intro-
duce a shear rate dependence for the mixture viscosity.

The equations from Secs. II and III are implemented in
CFDEM, an extension of the CFD software OpenFOAM and
the DEM software LIGGGHTS. The model parameters are
summarized in Table I. To calculate the locally averaged var-
iables, one must consider a volume of average containing a
statistically significant number of particles but sufficiently
smaller than the length scale over which the mean fields
vary. In our model, the volume of average coincides with the
CFD cell. Its volume is 3:2� 10�5 mm3, so for a solid
volume fraction of 0:55, the cell contains roughly 20 parti-
cles. Moreover, in the velocity gradient direction, the compu-
tational grid comprises 33 CFD cells. Thus, the
separation-of-scales condition is satisfied. Finally, to calcu-
late the local solid volume fraction, we use the “divided
approach” of Blais et al. [52].

In the figures reporting ηr against the shear rate presented
in Sec. VI, ηr is obtained by averaging Eq. (47) over the
entire flow domain. The mixtures are simulated over 50 units
of strain ( _γt), with ηr averaged over the last 30 units.

Figure 1 shows a snapshot of the simulation, where Lz is
the vertical length in the direction of the velocity gradient
and Lpx is the (periodic) horizontal length in the flow

FIG. 1. Snapshot of the simulation setup showing the fluid and particle
velocity fields under steady-state conditions with nonrepulsive particles at
f ¼ 0:55. The particles are colored according to the velocity magnitude
scale; the background color is the fluid velocity field.
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direction. A velocity difference between the horizontal walls,
Uwall, imposes a nominal shear rate of _γ ¼ Uwall=Lz.

Besides the parameters characterizing the fluid (ρe, ηe),
the particles (ρp, ar , δr), and the repulsive force (F0, κ), the
model features seven parameters: D, F, Y , ν, e, vch, and μ.
The first two are set equal to those obtained by Batchelor
and Green [49] for suspensions of non-Brownian particles,
while Y and ν are the Young modulus and the Poisson ratio,
respectively. e is the restitution coefficient of the particles,
vch is a parameter used to fine-tune the normal spring coeffi-
cient, and μ is the friction coefficient of the particles. Thus,
the model features only two adjustable parameters: vch is pri-
marily used to ensure that the particles are essentially rigid
(condition iii), while μ is used to tune the jamming volume
fraction and in turn the divergence of the suspension viscos-
ity with the solid volume fraction.

V. A SIMPLE PHYSICAL MODEL

We now introduce a minimal physical model that captures
the key features of the investigated system. This model will
be valuable for interpreting the simulation results.

A. Newtonian rheology

Consider a pair of nonrepulsive particles in a suspension
undergoing simple shear flow. Particle 1 is fixed relative to
the coordinate system, while particle 2 approaches with a
velocity of order of magnitude _γa. In the Stokesian limit,
where inertia is negligible, the drag force balances the lubri-
cation force,

6πηea( _γa� v)ε�3:70 � (3=2)πa2ηe(v=h), (50)

where h is the interparticle surface distance, v is the relative
particle velocity, and the symbol � means equality in the

order of magnitude. The left-hand side describes the order of
magnitude of the drag force and includes the hindrance func-
tion, ε�3:70, which previous works have omitted. The justifi-
cation for its inclusion is detailed in Appendix B. Here, we
point out that, although the focus is on two particles, these
are part of a suspension, and the drag force acting on particle
2 is affected by the surrounding particles. The right-hand
side describes the order of magnitude of the lubrication force
and represents a simplified form of Eq. (15).

As the particles approach, particle 2 decelerates due to the
lubrication force, v reduces, and the drag force rises, pushing
the particles closer. Assuming that the lubrication film breaks
down at a given cut-off length, the particles will always
collide in a finite time. For rigid, non-Brownian, nonrepul-
sive particles in the Stokesian regime, the only force scale is
the fluid dynamic one; thus, the suspension rheology is
Newtonian regardless of friction. Its viscosity increases with
f, diverging at the jamming volume fraction fj. To charac-
terize this relationship, the most widely used expression for
the relative viscosity (normalized by the ambient fluid vis-
cosity ηe) is the Krieger–Dougherty (KD) power law,

ηr ¼ C(1� f=fj)
�λ: (51)

C and λ are empirical constants, and to retrieve the Einstein
[34] viscosity correction, these must be set to 1 and 2:5,
respectively. Due to the number of degrees of freedom con-
strained at each contact point, networks of frictionless parti-
cles do not resist the flow to the same degree as networks of
frictional particles, so the former can accommodate a larger
f before jamming. Frictionless suspensions generally have
fj � 0:64, while frictional ones have smaller jamming
points, in some cases reported to be as low as fj � 0:57
[12], with larger values having been reported in the literature
[13,53].

B. Shear-thickening rheology

In suspensions of repulsive particles, shear thickening
stems from the transition between the low-viscosity rheology
of frictionless particles, which jam at higher volume frac-
tions, and the high-viscosity rheology of frictional particles,
which jam at lower volume fractions [27,28]. This transition
is often marked by a critical stress σw that quantifies the
repulsive stress magnitude, with σw taken equal to F0=6πa2

[6,19]. Shear thickening is expected to start when the dimen-
sionless shear stress σ=σw has unit order of magnitude, a fact
confirmed by experimental evidence. A critical shear rate has
been used less often to characterize this transition, and the
influence of the drag force has been rarely addressed. Here,
we consider this alternative point of view and highlight the
role of the drag force.

In a simple shear flow of a suspension of repulsive parti-
cles, two forces characterize the system: the drag force,
induced by the applied shear, and the repulsive force. The
scale (that is, the maximum value) of the former is
6πηea

2 _γε�3:70, a value that corresponds to the absence of rel-
ative motion between the pair of particles considered in
Sec. VA (in this case, the lubrication force is zero); the scale

TABLE I. Simulation parameters. x is the flow direction, z is the velocity
gradient direction, and y is the neutral direction. The flow is periodic in the
x and y directions.

Quantity Symbol Unit Value

System geometry Lpx � Lpy � Lz mm 0.23 × 0.23 × 1
CFD cells Nx ×Ny ×Nz … 7 × 7 × 33
Fluid viscosity ηe Pa s 1 × 10−3

Fluid density ρe kg/m3 1 × 103

Type 1 - radius a1 μm 5
Type 2 - radius a2 μm 7
Particle density ρp kg/m3 1 × 103

Type 1 - asperity width δ1/2 nm 2.5
Type 2 - asperity width δ2/2 nm 3.5
Top wall velocity (x) Uwall m/s 0.5
Debye length κ−1 nm 250, 125, 25, 2.5
Friction coefficient μ … 1
Young’s modulus Y Pa 3 × 108

Poisson ratio ν … 0.3
Restitution coefficient e … 0.9
Characteristic velocity vch m/s 100
CFD time step ΔtC s 10−7

DEM time step ΔtD s 10−8

Boundary conditions … … No slip/Periodic
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of the latter is F0. At low shear rates, the repulsive force
dominates, so the particles do not come into direct contact
and behave as frictionless particles. Conversely, at high shear
rates, the drag force prevails, so the particles come into direct
contact and behave as frictional particles. Shear thickening
begins at the transition between the two states, when the
scales of the two forces are equal. Hence, the characteristic
shear rate is

_γw ;
F0

6πηea2ε�3:70
: (52)

The transition between the two states—and thus the increase
in viscosity—is gradual. As _γ approaches and then exceeds
_γw, the number of particles entering direct frictional contact
grows progressively, leading to a corresponding gradual
increase in viscosity and thus to shear thickening. The vis-
cosity always follows Eq. (51); however, for _γ= _γw � 1, fj

corresponds to the jamming volume fraction of frictionless
particles, whereas for _γ= _γw � 1, fj corresponds to the
jamming volume fraction of frictional particles. In this
second limit, the repulsive force is negligible compared with
the drag force, and the viscosity is independent of the shear
rate.

In what follows, we plot the rheology data as a function
of _γ= _γw and find that, as expected, the onset of shear thick-
ening occurs at _γ= _γw ¼ O(1). In the supplementary material,
we further elaborate on this, examining the relationship
between the critical shear rate _γw and the critical shear
stress σw.

C. Shear-thinning rheology

In repulsive-particle suspensions, in the Stokesian limit,
the drag force must balance the lubrication force and the
repulsive force [given by Eq. (35)]; thus, we have

6πηea( _γa� v)ε�3:70

� (3=2)πa2ηe(v=h)þ F0e
�(h�δ)κ: (53)

Setting v ¼ 0, we obtain

6πηea
2 _γε�3:70 � F0e

�(H�δ)κ, (54)

and hence,

(H � δ)κ � ln
_γw

_γ


 �
, (55)

where H is the distance between particle surfaces at which
the repulsive force balances the largest value of the drag
force. In these conditions, the suspension behaves as if it
were formed by larger frictionless particles, referred to in the
following as apparent particles, with a radius equal to that of
the actual particles (hard core) plus the thickness of a soft
shell of liquid equal to half the equilibrium distance H. In
other words, for _γ= _γw � 1, particle 2 stops at a distance H
(from particle 1) greater than δ, so the system behaves as a

suspension of larger noncontacting particles with radius
r ; aþ H=2. The corresponding jamming volume fraction
of the actual particles, denoted as fw

j , is equal to

fw
j ¼ fj

r

a

� ��3
¼ fj 1þ H

2a


 ��3

, (56)

where fj is the jamming volume fraction of the apparent
(frictionless) particles. Then, the suspension viscosity is
given by

ηr ¼ C
h
1� f=fw

j

� �i�λ
: (57)

As _γ= _γw increases, H reduces [Eq. (55)], fw
j increases

[Eq. (56)], and so the suspension viscosity decreases [Eq. (57)].
The shear-thinning behavior is expected to cease when _γ= _γw

reaches unit order of magnitude, an expectation corroborated
by numerical simulations (including ours) and experimental
data. For more details, we refer to the supplementary
material.

Note that the suspension does not strictly jam at fw
j ; rather,

it develops a yield stress with magnitude set by the interparti-
cle repulsive strength. fw

j represents the extrapolated volume
fraction at which the viscosity diverges under a given imposed
shear rate or stress. At volume fractions slightly above fw

j , the
suspension does not flow under that same imposed shear rate
or stress, but flow may be recovered—i.e., the suspension may
yield—if the stress is increased.

D. On the suspension of apparent particles

As described, in the shear-thinning region, the suspension
can be regarded as formed of larger, frictionless, soft parti-
cles, with a radius aþ H=2. Each apparent particle consists
of a rigid core, represented by a real particle, and a liquid
shell of thickness H=2, with H given by Eq. (55). The rela-
tive viscosity of this suspension is given by Eq. (57), where
f and fw

j denote the volume fraction and the jamming
volume fraction of the real particles, respectively. This equa-
tion can also be written in terms of the volume fraction
fa ¼ f (r=a)3 and jamming volume fraction fj of the appar-
ent particles as follows:

ηr ¼ C
h
1� (fa=fj)

i�λ
: (58)

In this equation, fj is a constant, while fa is a function of
the shear rate (since it depends on r and thus on H).

Having soft interpenetrable shells, the apparent particles
are not equivalent to frictionless rigid particles and should
not be expected to behave exactly like them. As discussed in
more detail below, we assume that the jamming volume frac-
tion of the apparent particles is equal to that of frictionless
rigid particles, but we allow the exponent λ to be lower, to
reflect the lower viscosity that a suspension of frictionless
soft particles has compared to a suspension of frictionless
rigid particles. This is supported by results available in the
literature [29,30].
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VI. RESULTS AND DISCUSSION

We begin by examining suspensions of nonrepulsive parti-
cles, identifying the conditions under which, in simple shear
flow, the fluid velocity profile departs from linearity, making
it necessary to resolve the dynamics of the fluid phase. Next,
we present the relative viscosity as a function of the solid
volume fraction for suspensions of nonrepulsive frictionless
and frictional particles; these curves yield the corresponding
values of the jamming volume fraction, which are subse-
quently used in the discussion of the rheology of suspensions
of repulsive frictional particles. Finally, we consider suspen-
sions of repulsive frictional particles, first investigating the
rheology of a system with f ¼ 0:55 and κ�1 ¼ 0:05a and
then exploring the influence of the Debye length by extend-
ing the analysis to systems with κ�1 ¼ 0:025a, 0:005a, and
0:0005a.

Our analysis builds on Sec. V, focusing on the jamming
volume fraction fw

j and on the exponent λ as functions of
the dimensionless shear rate _γ= _γw.

A. Nonrepulsive particle suspensions

A key feature of our CFD-DEM model is that the velocity
fields—in particular that of the fluid phase—are not prescribed
but calculated, emerging from the velocity difference imposed
by the boundary walls (refer to Fig. 1). In an ideal simple
shear flow, in which the fluid and solid phases have the same
mean velocity, and the properties of the suspension are
uniform, the shear rate has the same value in the entire flow
domain; thus, calculating the fluid velocity field is unneces-
sary. However, at large solid volume fractions, local and inter-
mittent jamming produces interphase slip and deviations from
linearity. While such deviations may vanish when averaged
over time, they can nevertheless give rise to a complex rheo-
logical response close to the jamming transition.

1. Velocity profiles at low and high solid volume
fraction

Figure 2 shows the instantaneous profiles of the x compo-
nent of the fluid- and solid-phase velocities and of the shear

FIG. 2. (a) and (b) Instantaneous profiles of the normalized fluid and solid velocities and of the normalized fluid shear rate for a suspension with an overall
solid volume fraction of 0:48. (c) and (d) Analogous results for a suspension with an overall solid volume fraction of 0:58. The profiles are taken at a time
approximately equal to 300 units of strain.
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rate of the fluid phase (i.e., huie,x, hui p,x, and _γe) for two sus-
pensions of nonrepulsive frictional rigid particles with a
nominal solid volume fraction of 0:48 and 0:58, and a
jamming volume fraction of 0:61 (this value is obtained from
Fig. 4. which we will discuss later). The profiles are sampled
at a time t � 300= _γ. Figures 2(a) and 2(b), corresponding to
the less dense suspension, confirm our expectation that, far
from the jamming point, the ideal-behavior assumption
holds: The interphase slip velocity is negligible, the velocity
profiles are linear, and the shear rate is nearly uniform
and equal to the nominal value of Uwall=Lz. Conversely,
Figs. 2(c) and 2(d) indicate that, sufficiently close to jamming,
the suspension no longer exhibits a linear velocity profile and
a uniform shear rate across the entire flow domain. In localized
regions, the interphase slip velocity fluctuates, the fluid veloc-
ity profile becomes nonlinear, and the shear rate deviates from
its nominal value. These regions vary in time, but the instanta-
neous profiles are never ideal.

This departure from ideal flow intensifies as the suspen-
sion nears jamming. To understand its origin, it is, therefore,
useful to analyze the system at the jamming point; this is
convenient not only because there the deviation is maximal
but also because, since at jamming the particles are immo-
bile, the equations of motion for the fluid phase can be
solved analytically to determine the velocity profile.

2. Fluid shear flow through motionless particles

Treating the jammed solid as a stationary porous medium,
the momentum balance equation for the fluid can be solved
(a detailed analysis is given in the supplementary material) to
yield the following steady-state velocity profile,

huie,x
Uwall

¼ sinh (z=ξ)
sinh (Lz=ξ)

, (59)

with

ξ ;
ηe

ηBG � fηe
� 9f(1� f)�3:7

2a2


 ��1=2

, (60)

where ηBG is the Batchelor and Green (BG) viscosity
[Eq. (42)]. We also solved the problem numerically, validat-
ing the results of the CFD-DEM model using Eq. (59).

Figure 3(a) reports huie,x=Uwall versus the spatial coordi-
nate z for a system of immobile particles with a solid volume
fraction of 0:55. Both analytical and numerical profiles are
shown. In the simulation, the particles were kept fixed, and
the CFD cells had a 10 μm side-length. The simulation
results (red crosses) closely match the analytical solution
(blue line), revealing a highly nonlinear velocity profile with
a boundary layer forming near the moving wall, consistent
with the results reported by Kuznetsov [54] for a shear flow
through a stationary porous medium. For f ¼ 0:55, the
boundary layer width is �8 μm; therefore, with the CFD
cells used, in this region the velocity profile cannot be fully
resolved; nevertheless, the width of the boundary layer is pre-
dicted correctly. The velocity profile depends mainly on f;

therefore, to better judge the precision of our model, we
repeated the simulation for f ¼ 0:1. As shown in Fig. 3(b),
here the numerical model predicts well the boundary layer
width of �30 μm.

These results indicate that, in dense suspensions, the fluid
velocity profile is expected to be nonlinear in regions where
the particle network is jammed, leading to a complex rheo-
logical response near the jamming point that is not fully cap-
tured by models in which a linear fluid velocity field is
imposed. In addition, the close agreement between the simu-
lation results and the analytical solution demonstrates the
accuracy of our CFD-DEM model.

Having examined the flow of the fluid phase, we now turn
to the viscosity of the suspension.

3. Viscosity divergence

Here, we determine the jamming volume fractions of non-
repulsive particles, anticipating that these dictate the limiting

FIG. 3. (a) Magnified view of the normalized fluid velocity profile
huie,x=Uwall as a function of normalized height z=Lz, where Lz is the height
of the flow domain in the z direction and Uwall is the velocity of the upper
wall. The particles are immobile, and the nominal solid volume fraction is
f ¼ 0:55. (b) Analogous results for a suspension with a nominal f ¼ 0:10.
See supplementary material for a full view of the fluid velocity profile.
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rheology of the repulsive particle suspension for _γ= _γw � 1
(frictionless particles) and _γ= _γw � 1 (frictional particles).
Figure 4 reports the relative viscosity ηr as a function of f
for nonrepulsive particles with friction coefficients of μ ¼ 1
and μ ¼ 0. Fitting the KD equation [Eq. (51)] to the data, we
retrieve jamming volume fractions of fj ¼ 0:61 (frictional)
and fj ¼ 0:66 (frictionless), having set C ¼ 1 and λ ¼ 2.
This value of λ is consistent with experiments [55] and prior
simulations [56], although different values have also been
reported (see, for instance, Zarraga et al., [57]). The obtained
values of fj are marginally higher than those from other
numerical models [6,58], likely due to the presence in our
model, at large f, of deviations from a linear velocity profile.
However, the trend with respect to μ, important for the fol-
lowing discussion, is consistent. For a comparison between
the rheological curves reported in Fig. 4 and experimental
and numerical data from the literature, we refer to the
supplementary material.

B. Repulsive particle suspensions

We now introduce the repulsive forces described by
Eq. (35), considering a suspension with f ¼ 0:55 and a
Debye length κ�1 ¼ 0:05a. The rate-dependent rheology
shown in Fig. 5 serves as a reference for subsequent compari-
sons with results obtained at other values of κ�1.

1. Viscosity contributions

Overall, the constitutive curve in Fig. 5 shows that the
material shear-thins at low _γ= _γw, shear-thickens at intermedi-
ate _γ= _γw, and has constant viscosity at large _γ= _γw. The hori-
zontal dashed-dotted lines indicate the reported ηr in Fig. 4

at f ¼ 0:55 for nonrepulsive particles. The total relative vis-
cosity (red squares) comprises contributions, as plotted in
Fig. 5, from particle contacts, lubrication forces, repulsive
forces, and the BG term. The latter is not shear-rate depen-
dent and is close to its theoretical value of 4:7 predicted by
Eq. (42). The lubrication contribution is significant but never
dominates. The dominant viscosity contribution depends on
_γ= _γw, originating from either repulsive or contact interac-
tions. The former dominates at _γ= _γw , 1, where particles
are hindered from coming into contact by electrostatic forces;
the latter dominate at _γ= _γw . 1, where repulsive forces are
insignificant and the contact viscosity grows until reaching
that of the corresponding suspension of nonrepulsive, fric-
tional particles. The crossover value of _γ= _γw ¼ 1 indicates
that the proposed nondimensionalization of the shear rate
[Eq. (52)] is correct; this marks the point where the equilib-
rium distance between particles vanishes and direct contacts
become widespread. Hence, we define three regimes, delin-
eated in Fig. 5 by vertical dotted lines: a frictionless, shear-
thinning regime at small _γ= _γw; a transitional, shear-
thickening regime at intermediate _γ= _γw; and a frictional, rate-
independent regime at large _γ= _γw.

2. Pairwise separation H between particles

Before discussing our results in the context of the modi-
fied KD equation [Eq. (57)], we first test our estimate of the
particle-particle equilibrium separation distance H [Eq. (55)].
To do so, we determine the effective added particle radius by
analyzing a histogram of the force-weighted distribution of
surface-to-surface distances between particles interacting via
repulsive forces. Since larger forces contribute more to the
viscosity, to which the value of H is ultimately related via
Eqs. (56) and (57), we quantify this effect using the

FIG. 4. Relative viscosity ηr as a function of the solid volume fraction f for
suspensions of frictionless (μ ¼ 0, blue dots) and frictional (μ ¼ 1, red
squares) nonrepulsive particles. Here, ηr is independent of shear rate _γ
because the Stokes number and the ratio 6πηea _γ=k

n are significantly smaller
than unity (see Sec. IV). By fitting to the KD equation [Eq. (51), red and
blue lines], we obtain fj ¼ 0:66 for the frictionless particles and fj ¼ 0:61
for the frictional particles, with C ¼ 1 and λ ¼ 2. The dashed red and blue
vertical lines mark the fj values of the frictional and frictionless particles,
respectively. See supplementary material for a comparison with literature
data.

FIG. 5. Relative viscosity ηr as a function of dimensionless shear rate _γ= _γw

(red squares) for a suspension of repulsive particles with κ�1 ¼ 0:05a and
f ¼ 0:55. The various contributions to the suspension viscosity are reported
according to the legend. The horizontal dotted lines indicate the relative vis-
cosity for suspensions of frictional (blue lower line) and frictionless (red
upper line) particles in the absence of repulsive forces. The black line repre-
sents the modified KD equation [Eq. (57)], where fw and λ are given by
Figs. 7(a) and 7(b).
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following quantity:

h ;
P

hrsjf irsjP jf irsj
, (61)

where hrs is the surface-to-surface distance between particles
r and s and f irs is the repulsive force acting between them,
given by Eq. (35).

Figure 6(a) shows the measured distributions of particle
separations h scaled by our estimate H, for the suspension
within the transitional regime at _γ= _γw ¼ 0:4. The weighted
mean distance h=H is marked by a red vertical line.
Although the distribution in Fig. 6(a) is broad, and a consid-
erable number of direct particle contacts occur [at h ¼ δ, the
distribution function g(h) does not vanish], there is a good
match between the theoretical equilibrium distance
(h=H ¼ 1), the weighted mean distance (h=H), and the
largest peak of the histogram.

In Fig. 6(b), we extend this analysis by reporting h and H
as functions of _γ= _γw. For _γ= _γw , 0:4, the estimated equilib-
rium distance H slightly overestimates the weighted mean
distance h, the error being within 30%. Nonetheless, the two
quantities have the same order of magnitude; thus, we con-
clude that the force balance in Eq. (54) holds, and Eq. (55)
estimates H well. To make the predictions of Eq. (55) consis-
tent with the values of h obtained numerically, we modify
the equation as follows:

(H � δ)κ ¼ α ln
_γw

_γ


 �
, (62)

where on the right-hand side, we have introduced the param-
eter α (having unit order of magnitude) allowing us to repre-
sent the expression as an equality. For further details, see the
supplementary material. In the following, to describe the
shear thinning more accurately, we use the parameter α to
fine-tune the equilibrium distances used for the viscosity pre-
dictions on the basis of the surface-to-surface distance distri-
butions obtained from the simulations.

3. Measuring the KD parameters fw
j and λ

After confirming that our estimate of H is correct within a
factor of order one, we now examine the implications of this
result for our viscosity predictions in the frictionless regime
using the KD equation. To do so, we first set fj ¼ 0:66 in
this region—the value obtained in Fig. 4 for frictionless rigid
particles, representing the random close packed limit for
bidisperse spheres. Similarly, in the frictional regime, we set
fj ¼ 0:61, as measured in Fig. 4. Finally, in the transitional
regime, we let fj vary in proportion to ln ( _γw= _γ), interpolat-
ing between the frictionless and frictional values.

Having thus specified the rate dependence of fj, we next
compute the rate dependence of fw

j via Eq. (56), with H
given by the weighted mean distance measured by simula-
tion. The variation in both jamming volume fractions is
reported in Fig. 7(a). In the shear-thinning region, as _γ= _γw

increases, the thickness H of the fluid shells surrounding the
particles decreases, fw

j accordingly increases, and the sus-
pension, at fixed f, finds itself further away from the relevant
jamming point, resulting in a viscosity reduction.

Interestingly, at the crossover between the frictionless and
transitional regimes, the suspension of repulsive particles
exhibits a lower viscosity than that of frictionless rigid parti-
cles. This cannot be explained only on the basis of a rate-
dependent jamming point that takes rigid particle values as
its upper limits. To capture this, we let the exponent λ be
_γ= _γw-dependent and calculate its value using the viscosities
measured in Fig. 5 and the modified KD equation [Eq. (57)].
Setting C ¼ 1 and taking fw

j ( _γ= _γ
w) from Fig. 7(a), we

obtain the profile shown in Fig. 7(b). The black line plotted
in Fig. 5 represents the viscosity thus obtained with the mod-
ified KD equation.

4. Quantifying the apparent particle softness

To understand the rate-dependence of λ reported in
Fig. 7(b), we quantify the softness of the apparent particles,

FIG. 6. (a) Radial distribution function for the suspension at _γ= _γw ¼ 0:4,
f ¼ 0:55, and κ�1 ¼ 0:05a. The surface-to-surface distance (h) is normal-
ized by the theoretical equilibrium distance H [Eq. (55)]. The normalized
force-weighted mean distance (h=H) calculated by Eq. (61) is marked by a
vertical red line. (b) Weighted mean distance (h) and theoretical equilibrium
distance (H) normalized by the Debye length (κ�1) for a suspension with
f ¼ 0:55, as a function of _γ= _γw.
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addressing the particle pair force balance in Eq. (54). As
demonstrated in Fig. 6(a), our assumption that the apparent
particles of radius aþ H=2 do not overlap is not strictly
correct. Small overlaps are present and imply that the particle
pairs are not in mechanical equilibrium and are, thus, sub-
jected to repulsive forces. We model these here as linearly
elastic, allowing us to quantify an effective spring coefficient.
To estimate it, we assume that the distance h between the sur-
faces of two real particles is slightly smaller than H, so the
net force between the particles is a repulsive force equal to

FR ¼ F0e
�(h�δ)κ � Fd , (63)

where Fd ¼ 6πηea
2 _γε�3:70. Since h is slightly smaller than

H, we can expand FR around H and retain only the linear
part of the expansion. This yields

FR � F0e
�(H�δ)κ � κF0e

�(H�δ)κ(h� H)� Fd: (64)

Defining ζ ; H � h as the overlap between apparent parti-
cles and using Eq. (54), we can express Eq. (64) as follows:

FR �
h
κF0e

� H�δð Þκ
i
ζ ¼ (κFd)ζ: (65)

Thus, because by approximation FR is linear in the overlap ζ,
we can regard it as an elastic force, whose elastic constant
(or spring coefficient) is

kR � κFd: (66)

For a Debye length of 0:05a, and with the parameter values
reported in Table I, the apparent spring coefficient is four
orders of magnitude smaller than the spring coefficient kn of
real rigid particles.

This softness likely explains the important observation in
the above rheology that the viscosity at the crossover
between the frictionless and transitional regimes drops below
that measured for frictionless rigid spheres. This is captured
by our modified KD equation, in which variation in λ
permits rate dependence in ηr even when fj is fixed at its
upper value. Generally, for a given pairwise force magnitude,
softer particles can sustain larger overlaps than harder parti-
cles. This means that under a given shear rate, the energy
barrier required to transition between two microstructural
states is, in relative terms, smaller for soft particles than for
hard ones. Therefore, we expect that at volume fractions
close to jamming, the hard particle suspension will arrange
into structured force chains, whereas the soft particles will be
able to move more freely past their neighbors, by overlap-
ping, to reach states of fewer contacts and thus lower stress.
Thus, we conclude that suspensions of repulsive particles are
microstructurally distinct from suspensions of nonrepulsive
rigid frictionless particles, even at modest _γ= _γw for which H
is small, consistent with them having markedly different vis-
cosities ηr and exponents λ.

C. Rheology of repulsive particle suspensions:
Influence of the Debye length

In this section, we consider four repulsive suspensions
with solid volume fraction f ¼ 0:55 and Debye lengths of
0:0005a, 0:005a, 0:025a, and 0:05a. Figure 8 reports their
relative viscosity against the dimensionless shear rate; the
trends resemble that shown in Fig. 5. As before, all the sus-
pensions are frictionless for _γ= _γw ≲ 0:3, where direct particle
contacts are essentially absent. In this region, the suspensions
shear-thin, and larger Debye lengths yield steeper shear-
thinning profiles, for H decreases more rapidly with increasing
_γ= _γw [Eq. (55)]. As the Debye length reduces, the viscosity in
the frictionless regime loses its rate dependence, its value con-
verging toward that reported in Fig. 4 for the nonrepulsive

FIG. 7. (a) Jamming volume fractions as functions of _γ= _γw. The values of fj in red upper circles are assumed to be constant at 0:66 in the frictionless regime
(dotted-dashed green line). In the transitional regime, fj is assumed to decrease in proportion to ln ( _γw= _γ) from the frictionless to the frictional values. In the
frictional regime, fj ¼ 0:61 (dashed blue line). The values of fw

j (orange lower circles) are calculated from Eq. (56) using the interparticle weighted mean dis-
tance (h) shown in Fig. 6(b). (b) Exponent λ of the modified KD equation [Eq. (57) with C ¼ 1 and fw

j given in Fig. 7(a)] as a function of _γ= _γw.
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frictionless suspension. In the region where _γ= _γw � 1, the
number of particles in direct contact gradually increases with
_γ= _γw, so the suspensions shear-thicken. As the particle-
contact viscosity becomes dominant, the viscosity profiles
converge, eventually collapsing in the frictional regime into
one profile, that of the suspension of nonrepulsive frictional
rigid particles.

The corresponding profiles of the jamming volume frac-
tion fw

j and of the KD exponent λ are reported in Fig. 9 and
show a similar trend: In the frictionless regime, they strongly
depend on the Debye length, while in the transitional regime
they converge, eventually collapsing in the frictional regime
with plateau values of fw

j ¼ 0:61 and λ ¼ 2, consistent with
the suspension of nonrepulsive frictional particles.

In the frictionless regime, fw
j increases with _γ= _γw, its

profile becoming steeper as the Debye length increases, in
line with Eqs. (55) and (56). Conversely, λ depends weakly
on _γ= _γw but decreases significantly as the Debye length
increases. This decrease reflects the lower viscosity that sus-
pensions of softer particles have compared to suspensions of
harder particles. Softer particles can deform more easily than
harder particles, meaning that under a given shear rate, the
energy barrier required to transition between two microstruc-
tural states is, in relative terms, smaller for softer particles
than for harder ones. Consequently, softer particles are able
to move more freely past their neighbors and reach states of
fewer contacts and thus lower stress. For the apparent parti-
cles considered in this work, this effect is enhanced when the
thickness of the liquid shells surrounding the rigid particles
increases. Now, when the Debye length increases, both the
softness of the apparent particles and the thickness of the
liquid shells increase [Eqs. (55) and (66)], and this results in
a significant reduction in the exponent λ. Varying the shear
rate affects λ less significantly, because while reducing _γ= _γw

or increasing κ�1 affects the apparent particle softness
equally [Eq. (66)], the effect on the thickness of the liquid
shells is markedly different [Eq. (55)]. For instance, increas-
ing κ�1 or reducing _γ by two orders of magnitude affects the
liquid shell thickness quite differently: In the first case, the
thickness increases 100 times, while in the second case it
merely doubles. This suggests that the Debye length should
affect λ much more than the shear rate, in line with what the
simulations show.

One last consideration is in order. From this discussion,
one might expect that in the frictionless regime, the viscosity
of the repulsive suspension with the largest Debye length
(κ�1 ¼ 0:05a) should be the lowest (since λ is the lowest).
This would be true if the jamming volume fraction fw

j were
the same for all the suspensions, but as we see in Fig. 9(a),
this is not the case. The suspension with the largest Debye
length has also the smallest jamming volume fraction;

FIG. 8. Relative viscosity ηr as a function of _γ= _γw for suspensions with
f ¼ 0:55 and κ�1 ¼ 0:0005a, 0:005a, 0:025a, and 0:05a in yellow triangles,
green diamonds, blue circles, and red squares, respectively. The lines repre-
sent the modified KD equation [Eq. (57)] where fw

j and λ are given by
Figs. 9(a) and 9(b), respectively.

FIG. 9. (a) Jamming volume fraction fw
j [Eq. (56)] calculated using the assumed fj and the weighted mean distance h. In both figures, the frictionless, transi-

tional, and frictional regimes are marked by vertical dotted gray lines. (b) λ as a function of _γ= _γw for suspensions with f ¼ 0:55 and κ�1 ¼ 0:0005a, 0:005a,
0:025a, and 0:05a in yellow triangles, green diamonds, blue circles, and red squares, respectively.
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moreover, both fw
j and λ are functions of the shear rate; this

complex interplay results in the viscosity curves reported in
Fig. 8.

VII. CONCLUSIONS

We have developed a CFD-DEM model for simulating
suspensions of neutrally buoyant, non-Brownian, repulsive
particles dispersed in a Newtonian fluid, considering all the
relevant fluid and interparticle interactions. The model allows
to analyze the dynamics and rheology in suspensions with
medium to large solid volume fractions and any short-ranged
repulsive force. Since these systems are overdamped and the
traditional Belytschko criterion is insufficient, we introduced
a new time step criterion that accounts for lubrication forces.

A key feature of the model is that it resolves both the fluid
and particle velocity fields, eliminating the need to prescribe
the fluid velocity field, as instead is done in simpler models
that assume ideal simple shear flow. This allows to investi-
gate the flow behavior near the jamming transition, where
the solid phase becomes immobile and the fluid develops a
velocity boundary layer. We derived an analytical expression
for the boundary layer velocity profile, which the simulations
accurately reproduced. Close to jamming, local and intermit-
tent jamming of the particle phase leads to complex flow pro-
files, yet the model still recovers the viscosity divergence
predicted by the Krieger–Dougherty equation.

We then used the model to investigate the rheology of sus-
pensions of repulsive particles, performing simulations at a
solid volume fraction of 0:55 and Debye lengths ranging
from 0:0005a to 0:05a. Using a simple force balance and
accounting for the hindrance function in the expression for
the drag force, we proposed a new scale for the shear rate
marking the onset of shear thickening ( _γw) and obtained an
expression for the interparticle equilibrium distance (H) as a
function of this shear rate and the Debye length. The simula-
tion results confirmed these predictions: Shear thickening
occurred when _γ= _γw � 1, and H was correctly estimated
across all the shear rates and Debye lengths considered.

Treating repulsive particles as apparent particles consisting
of a rigid core surrounded by a soft shell of thickness H=2,
we described the suspension rheology using a modified
Krieger–Dougherty equation. This revealed three regimes: a
frictionless regime, characterized by shear thinning and no
direct particle contacts; a transitional regime, characterized
by shear thickening and a gradually increasing number of
direct particle contacts; and a frictional regime, characterized
by a constant viscosity, where direct particle contacts domi-
nate. Assuming that the jamming volume fraction of the
apparent particles (fj) is equal to that of frictionless rigid
particles in the frictionless regime, is a decreasing function
of the shear rate in the transitional regime, and is equal to
that of frictional rigid particles in the frictional regime, we
observed that the apparent particles exhibit an exponent λ
smaller than that of rigid particles and decreasing with
increasing Debye length.

To explain the value and shear-rate dependence of λ, we
derived an expression for the elastic constant of the apparent
particles. Since this is considerably smaller than that of rigid

particles, apparent particles can be regarded as soft. This
leads to a relatively smaller resistance to the flow of the sus-
pension and to an increased ability of the particle network to
deform, generating a lower viscosity compared to the rigid
particles. Since the elastic constant of the apparent particles
is inversely proportional to the Debye length, larger Debye
lengths yield softer apparent particles, resulting in lower
values of λ.

SUPPLEMENTARY MATERIAL

The supplementary material is organized into six sections.
Section I summarizes the balance equations of the
CFD-DEM model with all the required closures, reported in
the final form implemented in the numerical code. Section II
examines the critical shear rate ( _γw) that marks the onset of
shear thickening, clarifying its physical meaning and its rela-
tionship with the more commonly used critical shear stress.
A validation of our criterion for the onset of shear thickening
is provided using experimental viscosity data from the litera-
ture. Section III discusses the advantages of modeling the
dynamics of the fluid phase. For simple shear flow, we iden-
tify when and how the predictions of our model differ from
those of models that assume a linear fluid velocity field. This
section also includes a validation of our model’s predictions
for a set of simple flow problems. Section IV evaluates the
accuracy of our viscosity predictions, comparing them with
experimental and numerical data from the literature, first for
suspensions of nonrepulsive particles and then for suspen-
sions of repulsive particles. Section V presents representative
spatial profiles (averaged in the flow and neutral directions)
of the suspension velocity, shear rate, solid volume fraction,
and relative viscosity. Finally, Section VI assesses the accu-
racy of the interparticle equilibrium distance estimated via
the minimal physical model, showing that the parameter α,
obtained from numerical simulations as a function of shear
rate and Debye length, has unit order of magnitude across all
cases considered in our work.
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APPENDIX A: TIME STEP

A widely adopted criterion for selecting DEM time steps,
called the Belytschko criterion, is given by Δtc ¼

ffiffiffiffiffiffiffiffiffiffiffi
m=kn

p
[59]. This criterion is commonly used for granular systems.
But its validity for overdamped systems, such as particles
immersed in a fluid, is questionable because overdamped
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systems lack a natural angular frequency—the presence of this
frequency being a key assumption in the Belytschko method.
Therefore, for overdamped systems, we employ the amplifica-
tion matrix method [60]. We start by deriving the Belytschko
criterion to show what conditions must be satisfied for it to
apply, then we derive a new time step criterion, and finally we
compare the two criteria to highlight for what spring coeffi-
cient values our time step criterion must be used.

1. Absence of fluid-particle interactions

The equation of motion in the normal direction for a
sphere involved in a linear viscoelastic collision with another
identical particle reads

m€x ¼ �ηn _x� knx, (A1)

where x is the position of the particle relative to the other par-
ticle, ηn is the normal damping coefficient, and kn is the
normal spring coefficient. Equation (A1) is the equation of a
damped harmonic oscillator; rearranging it in terms of its fre-
quency and damping coefficient yields

€xþ 2ψ _xþ κ2
0x ¼ 0, (A2)

with

ψ ;
ηn

2m
; κ2

0 ;
kn

m
, (A3)

where κ0 is the frequency of the undamped harmonic oscilla-
tor and ψ is the reduced damping coefficient. Equation (A2)
can be solved analytically with initial conditions x(0) ¼ 0
and _x(0) ¼ v0, where v0 is the normal relative particle impact
velocity. The solution is

x(t) ¼ v0
ω
e�ψtsin(ωt), (A4)

_x(t) ¼ v0
ω
e�ψ t[ωcos(ωt)� ψsin(ωt)], (A5)

with ω ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2
0 � ψ2

p
denoting the natural angular frequency.

For an explicit finite element method analysis, Belytschko
expressed the critical time step as [60]

Δtc ¼ 2
ω
: (A6)

Expressing this equation in terms of the parameters featuring
in Eq. (A1) yields

Δtc ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kn

m
� ηn

2m


 �2
s : (A7)

The time criterion of Eq. (A7) is smallest when ηn ¼ 0 and
can, thus, be represented by

Δtc ¼
ffiffiffiffiffi
m

kn

r
, (A8)

which retrieves the time step criterion presented in the
Introduction. If the system is overdamped (that is, if
κ2
0 , ψ), Eq. (A7) does not have a real solution and cannot

be used.

2. Presence of fluid-particle interactions

For particles immersed in a liquid, we must modify
Eq. (A1) to consider the lubrication and drag forces. At
contact, it is customary to fix the interparticle distance of the
lubrication force to the surface roughness; thus, we write

m€x ¼ � ηn þ 6πηeaε
�3:70 þ 3=2ð Þπa2ηe=δ

� �
_x

� knxþ 6πηea
2 _γε�3:70, (A9)

where ηe, a, and ε are the fluid viscosity, particle radius, and
fluid volume fraction, respectively. Given a surface rough-
ness of δ � 0:001a, the lubrication force is the leading term
of damping in Eq. (A9). By repeating the steps in Sec. A 1,
we obtain the natural angular frequency,

ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kn

m
� (3=2)πa2ηe=δ

m


 �2s
: (A10)

For Eq. (A10) to have a real solution, kn must be larger
than �2000 N/m, for a ¼ 5 μm, ηe ¼ 0:001 Pa s, and
ρ ¼ 1000 kg/m3, so that the system is underdamped. This
value of kn is larger than what is sometimes used in the liter-
ature [52]. Hence, we proceed to derive a time step criterion
that does not require the system to be underdamped.

3. Amplification matrix method

The most common integrator scheme used by DEM soft-
ware is the velocity Verlet integrator (used by LIGGGHTS
and LAMMPS). The default velocity Verlet algorithm as
used by LAMMPS and LIGGGHTS is the following:

1. _xnþ(1=2) ¼ _xn þ (Δt=2)€xn,
2. xnþ1 ¼ xn þ Δt _xnþ(1=2),
3. €xnþ1 ¼ F=m ¼ C _xnþ(1=2) þ kxnþ1 þ f=m,
4. _xnþ1 ¼ _xnþ(1=2) þ (Δt=2)€xnþ1,

with

C ; � (3=2)πa2ηe=δ
m

; k ;� kn

m
, (A11)

where C is related to the lubrication force [see the first term
on the right-hand side of Eq. (A9), where, as done previ-
ously, the first two terms in square brackets have been
neglected], k is related to the contact force [the second term
on the right-hand side of Eq. (A9)], and f represents addi-
tional forces unrelated to the particle position and velocity
[such as the last term on the right-hand side of Eq. (A9)].
Step 3 updates the acceleration considering the total force F.
Note that the forces are updated using the half time step
velocity.
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Let us rearrange the equations in steps 1 to 4 to express
the updated variables in terms of the variables of the previous
time step and simplify to one dimension,

d ¼ Abþ c, (A12)

with

A;

0 0 Δt
2 1

0 1 Δt2

2 Δt

0 k kΔt2

2 þCΔt
2 kΔtþC

0 kΔt
2

Δt
2 1þC Δt

2 þ kΔt2

2

� �
1þ Δt

2 (Cþ kΔt)

2
666664

3
777775,

b;

0

xn
€xn
_xn

2
6664

3
7775; c;

0

0

f=m

0

2
6664

3
7775; d;

_xnþ(1=2)

xnþ1

€xnþ1

_xnþ1

2
6664

3
7775:

(A13)

A is referred to as amplification matrix. For stability, its
maximum absolute eigenvalue must be less than unity; this
gives a condition for the maximum stable time step.

Calculating the eigenvalues of the amplification matrix is
complex, so we have used PYTHON and the library “SymPy.”
The eigenvalues are as follows:

λ1 ¼ CΔt þ Δt2k

2
þ Δt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 2CΔtk þ Δt2k2 þ 4k

p
þ 1,

(A14)

λ2 ¼ CΔt þ Δt2k

2
� Δt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 2CΔtk þ Δt2k2 þ 4k

p
þ 1,

(A15)

λ3 ¼ 0; λ4 ¼ 0: (A16)

Using SymPy, we take the absolute values of λ1 and λ2, set
them equal to unity, and solve for Δt. For both eigenvalues,
we obtain the following critical time step:

Δtc ¼ �C +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 � 4k

p

k
: (A17)

In Eq. (A17), the negative sign (for the square root term)
yields the only positive time step. This critical value is equiv-
alent to that derived for the Euler integrator [60]. In an
undamped system (C ¼ 0), we roughly retrieve Belytschko’s
time criterion,

Δtc ¼
ffiffiffiffiffiffi
2m
kn

r
: (A18)

Let us express Eq. (A17) in terms of the lubrication force
and spring stiffness,

Δtc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
3=2ð Þπa2ηe=δ

�2 þ 4mkn
q

kn
� (3=2)πa2ηe=δ

kn
:
(A19)

In Fig. 10, we compare the Belytscko time step criterion
[Eq. (A8)] with our (overdamped) time step criterion
[Eq. (A19)] as a function of the normal spring coefficient
(kn). From Fig. 10, we note that the Belytschko criterion
highly overestimates the critical time step for small spring
coefficients. The graph indicates that a spring coefficient less
than �102 N/m is unnecessary, since it does not result into a
larger value of the critical time step. It is generally good to
have a large spring coefficient to avoid largely overlapping
particles, but this requires a smaller time step.

APPENDIX B: SHEAR RATE SCALE

Over the past decade, the prevailing notion has been that
the onset of shear thickening, or the transition from friction-
less to frictional rheology, is characterized by a dimension-
less shear stress with a weak dependence on f, while the
corresponding dimensionless shear rate changes with f more
strongly [61]. Consequently, it has been common to discuss
the onset of shear thickening in terms of shear stress, using
the shear stress scale. But as we can see in Fig. 1(a) in the
supplementary material, the dimensionless shear rate
marking the transition from frictionless to frictional rheology
is largely independent of f. The marked dependence on f
reported in the literature stems from the classical definition
of the drag force scale, taken to be equal to 6πηea

2 _γ. This
scale is accurate only for very dilute suspensions. To estimate
the shear rate scale, we must prove Eq. (53) because from
this equation the definition of _γw follows. Let us start from
the general linear momentum balance equation for particle r
interacting with particle s,

m _ur ¼ f d,r þ f b,r þ f†rs þ f crs þ f irs þ mg, (B1)

where f b,r is the buoyancy force. We assume a low Reynolds
number and neutrally buoyant particles; then, the Stokes and
Reynolds numbers are equal, and the inertia of the particles
is negligible. For simplicity, here we define the buoyancy

FIG. 10. Belytschko’s time step criterion (blue straight line); new time step
criterion for overdamped systems (red curved line). a ¼ 5 μm, δ ¼ 0:001a,
ηe ¼ 0:001 Pa s, and ρ ¼ 1000 kg/m3.
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force according to the Archimedes principle (this is conve-
nient, because, for neutrally buoyant particles, the buoyancy
force, and the weight force balance each other). As this defi-
nition differs from that employed in the main article, we
must modify the closure for the drag force, to ensure that the
total fluid-particle interaction force is modeled correctly [62].
The drag force based on the Archimedes definition of the
buoyancy force, denoted as fAd,r , is related to the drag force
adopted in the main article by the equation fAd,r ¼ f d,r=ε. As
we consider particles r and s approaching, we can disregard
the contact force f crs. Thus, we can write

fAd,r þ f†rs þ f irs þ Vp(ρp � ρe)g ¼ 0, (B2)

where ρp is the density of particle r. Since we are considering
neutrally buoyant particles, the last term in Eq. (B2) van-
ishes. Thus, Eq. (B2) reduces to

fAd,r ¼� f†rs � f irs: (B3)

In terms of orders of magnitude, we have

jf†rsj � (3=2)πa2ηe(v=h); jf irsj � F0e
�(h�δ)κ: (B4)

For the drag force, since we are considering a low Reynolds
number, in Eq. (20), we set χ ¼ 3:7 and CD ¼ 4:82=Re.
Thus, Eq. (18) yields

jfAd,rj �
1
ε

(πa2)
1
2

4:82ηe
2aε


 �
 �
ε2�3:7jhuie � urj: (B5)

But it is

jhuie � urj � _γa� v: (B6)

Therefore, we obtain

jfAd,rj � 6πηea( _γa� v)ε�3:70: (B7)

Inserting Eqs. (B4) and (B7) into Eq. (B3), we obtain
Eq. (53). This leads to Eq. (55), with _γw defined as per
Eq. (52).
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